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FINITE-DIMENSIONAL QUASI-HOPF ALGEBRAS OF CARTAN TYPE
YUPING YANG AND YINHUO ZHANG
Abstract. In this paper, we present a general method for constructing finite-dimensional
quasi-Hopf algebras from finite abelian groups and braided vector spaces of Cartan type.
The study of such quasi-Hopf algebras leads to the classification of finite-dimensional rad-
ically graded basic quasi-Hopf algebras over abelian groups with dimensions not divisi-
ble by 2, 3, 5, 7 and associators given by abelian 3-cocycles. As special cases , the small
quasi-quantum groups are introduced and studied. Many new explicit examples of finite-
dimensional genuine quasi-Hopf algebras are obtained.
1. introduction
Quasi-Hopf algebras are generalizations of Hopf algebras, and are fundamental in the study
of finite integral tensor categories [14]. Recall that a tensor category is called integral if
the Frobinus-Perron dimension of each object is an integer. According to [15], any finite
integral tensor category over an algebraically closed filed is equivalent to the representation
category of some finite-dimensional quasi-Hopf algebra. Pointed tensor categories are special
examples of integral tensor categories, and the corresponding quasi-Hopf algebras are called
basic quasi-Hopf algebras.
In the past and half decades, the classification of finite-dimensional basic quasi-Hopf algebras
have attracted lots of attention. Since the dual of a finite-dimensional pointed Hopf algebra
is a basic Hopf algebra, the duals of the finite dimensional pointed Hopf algebras over abelian
groups classified in[1, 4, 17, 6] provide a big family of finite-dimensional basic quasi-Hopf
algebras. Since our ultimate goal is to classify the tensor categories, we are only interested in
those quasi-Hopf algebras whose representation categories do not arise from any Hopf algebra.
Such quasi-Hopf algebras are said to be genuine. In [10, 11, 12], Etingof and Gelaki gave a
method for constructing basic genuine quasi-Hopf algebras from known basic Hopf algebras,
and classified the finite-dimensional radically graded basic quasi-Hopf algebras over cyclic
groups of prime order. In [16], Gelaki constructed the finite-dimensional basic quasi-Hopf
algebras of dimension N3 over cyclic groups of order N . Utilizing the classification result
of [4], Angiono [5] classified the finite-dimensional radically graded basic quasi-Hopf algebras
over cyclic groups with dimensions not divisible by small prime divisors. In [19, 20, 21],
the quasi-commutative finite-dimensional graded pointed Majid algebras of low ranks (dual
basic quasi-Hopf algebras) are classified by the first author and his cooperators. Although
the aforementioned classification work covered a lot of new finite dimensional quasi-Hopf
algebras, the most important family of finite dimensional pointed Hopf algebras of Cartan
type is not yet covered by the above classifications of quasi-Hopf algebras. In particular, we
have not found a natural quasi-version of the (generalized) small quantum groups although
a very close quasi-version of the Frobenius-Lusztig kernel was constructed by means of the
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quasi-quantum double in [25]. This is because the classic construction of a small quantum
group as a particular quotient of the quantum double works not for the quasi-Hopf algebra
case. So we have to look for an alternative way to define the notion of a small quasi-quantum
group. The fact that the classical small quantum groups form a special class of the finite
dimensional pointed Hopf algebras of finite Cartan type, see [22, 23, 1, 4], inspires us: if we
could construct finite dimensional quasi-Hopf algebras from Cartan matrices, then the small
quasi-quantum groups must be the special cases of those quasi-Hopf algebras of Cartan type.
This motivates us to study the finite-dimensional quasi-Hopf algebras of Cartan type. The
main work of this paper are threefold.
First of all, we present a general method for constructing finite-dimensional quasi-Hopf al-
gebras from finite Cartan matrices. Such a quasi-Hopf algebra is generated by an abelian
group and a braided vector space of Cartan type. In more detail, let G be a finite abelian
group and G a bigger abelian group uniquely determined by G, see (3.4). Let u(D, λ, µ)
([4], or see Theorem 2.14) be the generalized small quantum group generated by grouplike
elements G and skew-primitive elements {X1, · · · , Xn}. We then determine the 2-cochains J
onG such that the subalgebra of the twist quasi-Hopf algebra u(D, λ, µ)J generated by G and
{X1, · · · , Xn} is a quasi-Hopf subalgebra, denoted u(D, λ, µ,ΦJ), see Theorem 3.4. Note that
if λ = 0 and µ = 0, then u(D, 0, 0) is a radically graded basic Hopf algebra. Moreover, when
G is a cyclic group, the quasi-Hopf algebra u(D, 0, 0,ΦJ) is the same as those constructed in
[5, 10, 11, 12]. However, if G is not cyclic, or u(D, λ, µ) is not radically graded and basic,
then the construction and the study of u(D, λ, µ,ΦJ ) are much more complicated. One of the
difficulties is to compute suitable 2-cochain J ’s on G such that u(D, λ, µ,ΦJ ) is a quasi-Hopf
algebra. Even if we can compute such a suitable cochain J , we still have no standard method
to determine whether u(D, λ, µ,ΦJ) is genuine or not. While in the case of λ = 0, µ = 0 and
G is a cyclic group, this problem is trivial.
Secondly, the obtained quasi-Hopf algebras of Cartan type deliver the classification of finite-
dimensional radically graded basic quasi-Hopf algebras over abelian groups. Let H be a
finite-dimensional basic quasi-Hopf algebra, and rad(H) the Jacobson radical of H . Then we
have H/ rad(H) ∼= [kG]∗, where G is the Grothendieck group of the representation category
of H . We say that the basic quasi-Hopf algebra H is over the group G. When G is abelian, it
is obvious that H/ rad(H) ∼= kG. If H is a radically graded and basic quasi-Hopf algebra over
G, then the associator of H is determined by a normalized 3-cocycle on G, see [5, 19, 21]. We
show that a finite-dimensional radically graded and basic quasi-Hopf algebraH over an abelian
group G with dimension not divisible by 2, 3, 5, 7, and the associator is given by an abelian
3-cocycle of G, must be isomorphic to a quasi-Hopf algebra of Cartan type u(D, λ, µ,ΦJ ),
where λ = 0, µ = 0, see Theorem 4.4. Since each normalized 3-cocycle of a cyclic group or
an abelian group of the form Zm×Zn is abelian, our classification extends the corresponding
classification results of [5, 19] to more general cases.
Thirdly, we introduce the quasi-version of the small quantum groups, which form a class of
finite dimensional quasi-Hopf algebras of Cartan type, namely, those Hc, where c is a family
of parameters. When c approaches 0, the small quasi-quantum group Hc will be the usual
small quantum group, see Proposition 5.3. As mentioned before, the small quasi-quantum
group defined in this paper is substantially different from the one defined in [25], where a
small quasi-quantum group is defined as the quantum double of a quasi-Hopf algebra Aq(g)
constructed in [11], where g is a simple Lie algebra. Note that the quantum double D(Aq(g))
is a quasi-Hopf algebra of Cartan type as well. Unlike the Hopf algebra case, the small quasi-
quantum group Hc is not a quotient of the double D(Aq(g)) in general. For example, if the
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order of q is odd and not divisible by 3 in case g is of type G2, then the doubleD(Aq(g)) is not a
genuine quasi-Hopf algebra, see [13]. Under the same conditions for q, we can show that there
are many genuine small quasi-quantum groups. This means that those small quasi-quantum
groups can not be the quotients of D(Aq(g)).
Beside the study of the small quasi-quantum groups, we will provide lots of other genuine
quasi-Hopf algebras associated to finite Cartan matrices in Section 6. As a matter of fact,
our method will not only systematically produce many nonsemisimple, nonradically graded
genuine quasi-Hopf algebras, but also yield many new classes of finite integral and non-pointed
tensor categories.
The paper is organized as follows. In Section 2, we introduce some concepts and known results
about quasi-Hopf algebras, generalized small quantum groups and 3-cocycle of abelian groups.
In Section 3, the quasi-Hopf algebras of Cartan type are constructed, and some low rank
nonradically graded examples are provided. In Section 4, we classify the finite-dimensional
radically graded quasi-Hopf algebras which are basic over abelian groups, and show that
all the radically graded quasi-Hopf algebras of Cartan type are genuine. In Section 5, we
introduce the small quasi-quantum groups, which are special nonradically graded quasi-Hopf
algebras of Cartan type, and present explicitly examples of genuine quasi-Hopf algebras of
Cartan type. Section 6 is devoted to new examples of nonradically graded genuine quasi-Hopf
algebras associated to connected finite Cartan matrices.
Throughout this paper, k denotes an algebraically closed field of characteristic zero. All the
algebras, tensor categories and the unadorned tensor product ⊗ are over k.
2. Preliminaries
In this section, we introduce some notations and basic facts about Quais-Hopf algebras, tensor
categories and some important results [4] about pointed Hopf algebras.
2.1. Quasi-Hopf algebras. A qausi-bialgebra H = (H,△, ε,Φ) is an unital associative al-
gebra with two algebra maps △ : H → H ⊗ H(the comultiplication) and ε : H → k (the
counit), and an invertible element Φ ∈ H⊗3 (the associator), subject to:
(ε⊗ id)△ (h) = h = (id⊗ ε)△ (h),
(id⊗△)△ (h) = Φ · (△⊗ id)△ (h) · Φ−1,
(id⊗ id⊗△)(Φ) · (△⊗ id⊗ id)(Φ) = (1⊗ Φ) · (id⊗△⊗ id)(Φ) · (Φ⊗ 1),
(id⊗ ε⊗ id)(Φ) = 1
for all h ∈ H . Write Φ = Φ1 ⊗ Φ2 ⊗ Φ3 and Φ−1 = Φ
1
⊗ Φ
2
⊗ Φ
3
. A quasi-Hopf algebra
H = (H,△, ε,Φ, S, α, β) is a quasi-bialgebra (H,△, ε,Φ) with an antipode (S, α, β), where
α, β ∈ H and S : H → H is an angebra anti-homomorphism satisfying∑
S(a1)αa2 = ε(a)α,
∑
a1βS(a2) = ε(a)β,
Φ1βS(Φ2)αΦ3 = 1, S(Φ
1
)αΦ
2
βS(Φ
3
) = 1
for all a ∈ H. Here we use Sweedler’s notation △(a) =
∑
a1 ⊗ a2.
Definition 2.1. A twist for a quasi-Hopf algebra H is an invertible element J ∈ H ⊗ H
satisfying
(ε⊗ id)(J) = (id⊗ ε)(J) = 1.
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Suppose that J =
∑
i fi ⊗ hi is a twist of H with inverse J
−1 =
∑
i fi ⊗ hi. Write
(2.1) αJ =
∑
i
S(fi)αgi, βJ =
∑
i
fiβS(gi).
According to [8], if βJ is invertible then one can define a new quasi-Hopf algebra structure
HJ = (H,△J , ε,ΦJ , SJ , βJαJ , 1) on the algebra H, where
△J (h) = J △ (h)J
−1, h ∈ H,(2.2)
ΦJ = (1⊗ J)(id⊗△)(J)Φ(△⊗ id)(J
−1)(J ⊗ 1)−1(2.3)
SJ (h) = βJS(h)βJ
−1, h ∈ H.(2.4)
Two quasi-Hopf algebras H and H ′ are said to be twist equivalent if H ′ ∼= HJ for some twist
J of H.
Definition 2.2. A quasi-Hopf algebra H is genuine if H is not twist (or gauge) equivalent
to any Hopf algebra.
The following theorem is useful in Section 5.
Theorem 2.3. [27, Theorem 2.2] Let H and B be two finite-dimensional quasi-Hopf algebras.
Then the two module categories H-mod and B-mod are tensor equivalent if and only if H is
equal to BJ for some twist J of B.
Let H = (H,△, ε,Φ, S, α, β) be a quasi-Hopf algebra. If H = ⊕i≥0H [i] is a graded algebra
such that (H [0], ε,Φ, S, α, β) is a quasi-Hopf subalgebra, and I = ⊕i≥1H [i] is the Jacobson
radical of H and Ik = ⊕i≥kH [i] for each k ≥ 1, then we call H a radically graded quasi-Hopf
algebra. Suppose that H = (H,△, ε,Φ, S, α, β) is a quasi-Hopf algebra, I is the Jacobson
radical of H. If I is a quasi-Hopf ideal of H , i.e., △(I) ⊂ H ⊗ I + I ⊗ H , S(I) = I and
ε(I) = 0, then we can construct a radically graded quasi-Hopf algebra associated to H. Let
H [0] = H/I and π : H → H [0] is the canonical projection. Define H [k] = Ik/Ik+1 for
k ≥ 1. then the graded algebra gr(H) = ⊕i≥0H [i] has a natural quasi-Hopf algebra structure,
with the associator π ⊗ π ⊗ π(Φ), and the antipode (π ◦ S, π(α), π(β)). For radically graded
quasi-Hopf algebras, we have the following useful lemma.
Lemma 2.4. [10, Lemma 2.1] Let H = ⊕i≥0Hi be a radically graded quasi-Hopf algebra.
Then H is generated by H [0] and H [1].
2.2. Datum of Cartan type, root system and Wyle group. For a finite group G, by Ĝ
we mean the character group of G.We give the definition of a datum of Cartan type according
to [4].
Definition 2.5. A datum of Cartan type
(2.5) D = D(G, (hi)1≤i≤θ, (χi)1≤i≤θ, A)
consists of an abelian group G, elements hi ∈ G, characters χi ∈ Ĝ, 1 ≤ i ≤ θ, and a
generalized Cartan matrix A = (aij)1≤i,j≤θ of size θ satisfying
(2.6) qijqji = q
aij
ii , where qij = χj(hi), for all 1 ≤ i, j ≤ θ.
We call θ the rank of D. A datum of Cartan type D is called finite Cartan type if the associated
Cartan matrix A is finite; D is said to be connected if A is a connected Cartan matrix.
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Fix a datum D = D(G, (hi)1≤i≤n, (χi)1≤i≤θ, A) of finite Cartan type. Let {αi|1 ≤ i ≤ θ}
be the set of free generators of Zθ and si : Z
θ → Zθ the reflection si(αj) = αj − aijαi
for 1 ≤ i, j ≤ θ. The Weyl group W of A is generated by {si|1 ≤ i ≤ θ} and the root
system R = ∪θi=1W (αi). Let R
+ be the set of positive roots with respect to the simple roots
{αi|1 ≤ i ≤ θ}. For each α =
∑θ
i=1 kiαi ∈ Z
θ, denote by ht(α) =
∑θ
i=1 ki, the height of α,
and
hα = h
k1
1 h
k2
2 · · ·h
kθ
θ ,(2.7)
χα = χ
k1
1 χ
k2
2 · · ·χ
kθ
θ .(2.8)
If α =
∑θ
i=1 kiαi ∈ R
+, it is obvious that ki ≥ 0, 1 ≤ i ≤ θ, and ht(α) > 0. For a datum of
Cartan type D, we can define a Yetter-Drinfeld module V (D) in GGYD by
(2.9) V (D) =
θ∑
i=1
V χihi
where V χihi = k{Xi} is the 1-dimensional Yetter-Drinfeld module such that the module and
the comodule structures are given by
(2.10) δ(Xi) = Xi ⊗ hi, g ⊲ Xi = χi(h)Xi
for all g ∈ G. A basis {X1, · · · , Xθ} of Yetter-Drinfeld module V (D) satisfying (2.10) is called
a canonical basis. It is well-known that GGYD is a braided tensor category. The natural
braiding on V (D) is given by
(2.11) cV,V : V ⊗ V −→ V ⊗ V, Xi ⊗Xj → qijXj ⊗Xi, 1 ≤ i, j ≤ θ.
2.3. Braided Hopf algebras. Let (V, c) be a braided vector space with a basis {X1, · · · , Xn}
such that
c(Xi ⊗Xj) = qijXj ⊗Xi, qij ∈ k, 1 ≤ i, j ≤ n.
Then we call (V, c) a braided vector space of diagonal type, {X1, · · · , Xn} a canonical basis
of V, and (qij)1≤i,j≤n the braiding constants of V. Moreover, if
qijqji = q
aij
ii = q
aji
jj , 1 ≤ i, j ≤ n,
where A = (aij)1≤i,j≤n is a Cartan matrix, then (V, c) is called braided vector space of
Cartan type. For a datum of Cartan type D, it is obvious that V (D) is a braided vector
space of Cartan type.
Note that the braiding matrix (qij)1≤i,j≤θ of (V, c) defines a braided commutator on T (V ) as
follows:
(2.12) [X,Y ]c = XY − (
∏
1≤k≤s,1≤l≤t
qxkylikjl )Y X,
whereX = Xx1i1 X
x2
i2
· · ·Xxsis and Y = Y
y1
j1
Y y2j2 · · ·Y
ys
js
. The braided adjoint action of an element
X ∈ T (V ) is defined by
(2.13) adc(X)(Y ) = [X,Y ]c
for any Y ∈ T (V ).
In the rest of this subsection, we let D = D(G, (hi)1≤i≤n, (χi)1≤i≤θ, A) be a connected datum
of finite Cartan type. In addition, we assume for 1 ≤ i ≤ θ,
qii has odd order,(2.14)
the order of qii is prime to 3, if A is of type G2,(2.15)
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where qij = χj(gi) for 1 ≤ i, j ≤ θ. With these assumptions, we have the following:
Lemma 2.6. [4, Lemma 2.3] There exists a root of unit q of odd order and integers di ∈
{1, 2, 3}, 1 ≤ i ≤ θ, such that for 1 ≤ i, j ≤ θ,
qii = q
2di , diaij = djaji.
Moreover, if A is of type G2. Then the order of q is prime to 3.
An immediate consequence of Lemma 2.6 is that the elements qii, 1 ≤ i ≤ θ, have the same
order, hence we define
(2.16) N = |qii|, 1 ≤ i ≤ θ.
Let V = V (D) and {X1, · · · , Xθ} a canonical basis of V . Then the tensor algebra T (V ) is a
braided Hopf algebra in GGYD with comultiplication determined by
△(Xi) = Xi ⊗ 1 + 1⊗Xi, 1 ≤ i ≤ θ.
Since (adcXi)
1−aij (Xj), 1 ≤ i 6= j ≤ θ, are primitive elements in T (V ), they generate a
braided Hopf idea of T (V ), denoted I. So we have a quotient braided Hopf algebra:
R(D) = T (V )/I
in GGYD. For convenience, we still denote by Xi, 1 ≤ i ≤ θ, the image of the element Xi in
R(D).
Now let w0 = si1si2 · · · siP be a fixed reduced presentation of the longest element of W in
terms of simple reflections. Then
(2.17) βl = si1 · · · sil−1(αil)|1 ≤ l ≤ P
is a convex order of positive roots. The root vectors {Xα|α ∈ R
+} can be defined as iter-
ated braided commutators of the elements X1, · · · , Xθ with respect to the braiding given by
(qij)1≤i,j≤n such that Xαi = Xi, 1 ≤ i ≤ θ, see [3, 4, 23] for detailed definition. Denote by
K(D) the subalgebra of R(D) generated by the elements Yl = X
N
βl
, 1 ≤ l ≤ P. The following
description of K(D) comes from [4].
Theorem 2.7. [4, Theorem 2.6]
(1) The elements
Xa1β1X
a2
β2
· · ·XaPβP , a1, · · · aP ≥ 0,
form a basis of R(D).
(2) K(D) is a braided Hopf subalgebra of R(D).
(2) For all α, β ∈ R+, [Xα, X
N
β ]C = 0, that is, XαX
N
β − χ
N
β (gα)X
N
β Xα = 0.
Let el = (δkl)1≤k≤P ∈ N
P , where δkl is the Kronecker sign. For each a = (a1, a2, · · · , aP ) ∈
NP , define
Y a = Y a11 Y
a2
2 · · ·Y
aP
p ,(2.18)
ha = hNa1β1 h
Na2
β2
· hNaPβP ,(2.19)
a = a1β1 + a2β2 + · · ·+ aPβP .(2.20)
Let △R(D) be the comultiplication of R(D), then we have the following lemma.
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Lemma 2.8. [4, Lemma 2.8] For any nonzero a ∈ NP , there are uniquely determined scalars
tab,c ∈ k, 0 6= b, c ∈ N
P , such that
(2.21) △R(D) (Y
a) = Y a ⊗ 1 + 1⊗ Y a +
∑
b,c 6=0,b+c=a
tab,cY
b ⊗ Y c.
Definition 2.9. Let (µa)a∈NP be a family of elements in k such that for all a, h
a = 1 implies
µa = 0. Then we can define u
a ∈ kG inductively on ht(a) by
(2.22) ua = µa(1− h
a) +
∑
b,c 6=0,b+c=a
tab,cµbu
c.
Proposition 2.10. Let (µl)1≤l≤P be a family of elements in k such that: g
N
βl
= 1 or χNβl 6= ε
implies µl = 0. Then there exists a unique family (µa)a∈NP satisfying µel = µl for 1 ≤ l ≤ P
such that
(2.23) ua = ua−eluel , if a = (a1, · · · , al, 0, · · · , 0), al ≥ 1, 1 ≤ l ≤ P, and a 6= el.
Proof. It follows from [4, Lemma 2.10, Theorem 2.13] 
Definition 2.11. Suppose that µ = (µl)1≤l≤P is a family of elements in k satisfying the
condition of Proposition 2.10. For a root α ∈ R+, then there exists 1 ≤ l ≤ P such that
α = βl and define
uα(µ) = u
el .
2.4. Andruskiewitsch-Schneider’s Hopf algebras. Fix a datum of finite Cartan type
D = D(G, (hi)1≤i≤θ , (χi)1≤i≤θ , A), where A may not be a connected Cartan matrix. For
1 ≤ i, j ≤ θ we define i ∼ j if i and j are in the same connected component of the Dynkin
diagram of Cartan matrix A, and i, j are said to be connected if i ∼ j. Let Ω = {I1, · · · , It}
be the set of the connected components of I = {1, 2, · · · , θ}. Here we also assume that the
conditions (2.14)-(2.15) hold for each connected component of I. For J ∈ Ω, letRJ be the
root system of AJ = (aij)i,j∈J and NJ the corresponding number defined by (2.16). Let R
+
J
be the set of positive roots of AJ with respect to the simple roots {αi|i ∈ J}. The following
partitions are obvious:
R =
⋃
J∈Ω
RJ , R
+ =
⋃
J∈Ω
R+J .
Definition 2.12. A family λ = (λij)1≤i,j≤n,i≁j of elements in k is called a family of linking
parameters for D if hihj = 1 or χiχj 6= ε implies λij = 0 for all 1 ≤ i, j ≤ θ, i ≁ j. Vertices
1 ≤ i, j ≤ θ are called linkable if i ≁ j, hihj 6= 1 and χiχj = ε.
Definition 2.13. A family µ = (µα)α∈R+ of elements in k is called a family of root vector
parameters for D if hNJα = 1 or χ
NJ
α 6= ε implies µα = 0 for all α ∈ R
+
J , J ∈ Ω.
With these definitions and notations, we can give one of the main results of [4].
Theorem 2.14. [4, Theorem 4.5] Let D = D(G, (hi)1≤i≤θ , (χi)1≤i≤θ , A) be a datum of finite
Cartan type such that each connected component of I = {1, 2, · · · , θ} satisfies the conditions
(2.14)-(2.15). Let λ and µ be a family of linking parameters and a family of root vector param-
eters for D respectively. Then we have a finite-dimensional pointed Hopf algebra u(D, λ, µ)
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generated by the group G and the skew-primitive elements {Xi|1 ≤ i ≤ θ} subject to the
following relations:
(Action of the group) gXig
−1 = χi(g)Xi, for all 1 ≤ i ≤ θ, g ∈ G,
(Serre relations) adc(Xi)
1−aij (Xj) = 0, for all i 6= j, i ∼ j,
(Linking relations) adc(Xi)(Xj) = λij(1− hihj), for all i < j, i ≁ j,
(Root vector relations) XNJα = uα(µ), for all α ∈ R
+
J , J ∈ Ω.
The coalgebra structure is determined by
△(Xi) = Xi ⊗ 1 + hi ⊗Xi, △(g) = g ⊗ g, for all 1 ≤ i ≤ θ, g ∈ G.
The Hopf algebras constructed in Theorem 2.14 can be viewed as an axiomatic description
of generalized the small quantum groups, and Lusztig’s small quantum groups are special
examples of such Hopf algebras. Another main result of [4] says that any finite-dimensional
pointed Hopf algebra over an abelian group G with dimension not divided by 2, 3, 5, 7, is of
the form u(D, λ, µ) for some D, λ, µ. In the sequel, we call such a Hopf algebra u(D, λ, µ) an
Andruskiewitsch-Schneider Hopf algebra (or AS-Hopf algebra for short) following [12].
2.5. Normalized 3-cocycles on finite groups. Let G be an arbitrary abelian group. So
G ∼= Zm1 × · · · × Zmn with mj ∈ N for 1 ≤ j ≤ n. A function φ : G×G×G 7→ k
∗ is called a
3-cocycle on G if
(2.24) φ(ef, g, h)φ(e, f, gh) = φ(e, f, g)φ(e, fg, h)φ(f, g, h)
for all e, f, g, h ∈ G. A 3-cocycle is called normalized if φ(f, 1, g) = 1. Denote by A the set of
all sequences
(2.25) (c1, . . . , cl, . . . , cn, c12, . . . , cij , . . . , cn−1,n, c123, . . . , crst, . . . , cn−2,n−1,n)
such that 0 ≤ cl < ml, 0 ≤ cij < (mi,mj), 0 ≤ crst < (mr,ms,mt) for 1 ≤ l ≤ n, 1 ≤ i <
j ≤ n, 1 ≤ r < s < t ≤ n, where cij and crst are ordered in the lexicographic order. We
denote by c the sequence (2.25) in the following.
Let gi be a generator of Zmi , 1 ≤ i ≤ n. For any c ∈ A, define
ωc : G×G×G −→ k
∗
[gi11 · · · g
in
n , g
j1
1 · · · g
jn
n , g
k1
1 · · · g
kn
n ] 7→(2.26)
n∏
l=1
ζ
clil[
jl+kl
ml
]
ml
∏
1≤s<t≤n
ζ
cstit[
js+ks
ms
]
mt
∏
1≤r<s<t≤n
ζcrstkrjsit(mr ,ms,mt).
Here and below ζm stands for an m-th primitive root of unity.
Proposition 2.15. [18, Proposition 3.1] {ωc|c ∈ A} forms a complete set of representatives
of the normalized 3-cocycles on G up to 3-cohomology.
For the purpose of this paper, we need another class of representatives of the normalized
3-cocycles on G. Let Z3(G,k∗) be the set of the normalized 3-cocycles on G. Define a map
(2.27) σ : Z3(G,k∗) −→ Z3(G,k∗), σ(φ)(f, g, h) = φ(h, g, f), for all f, g, h ∈ G.
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To see if the map is well-defined, we just need to show that σ(φ) is a normalized 3-cocycle on
G for each φ ∈ Z3(G,k∗). Indeed, for any e, f, g, h ∈ G and φ ∈ Z3(G,k∗), we have
∂(σ(φ))(e, f, g, h) =
σ(φ)(e, f, g)σ(φ)(e, fg, h)σ(φ)(f, g, h)
σ(φ)(ef, g, h)σ(φ)(e, f, gh)
=
φ(g, f, e)φ(h, fg, e)φ(h, g, f)
φ(h, g, ef)φ(gh, f, e)
= ∂(φ)(h, g, f, e)
= 1.
This implies that σ(φ) is a 3-cocycle on G. The fact that σ(φ) is normalized follows from the
equation:
σ(φ)(f, 1, g) = φ(g, 1, f) = 1, for all f, g ∈ G.
It is obvious that σ is bijective since σ2 = id. Moreover, we have the following.
Lemma 2.16. The map σ induces an involution of H3(G,k∗).
Proof. It suffices show that σ preserves 3-coboundaries. Suppose that φ is a 3-coboundary.
There exists a 2-cochain J : G×G→ k∗ such that φ = ∂(J). Define J ′ : G×G→ k∗ by
(2.28) J ′(f, g) = J−1(g, f), for all f, g ∈ G.
Then we have:
σ(φ)(f, g, h) =
J(h, g)J(gh, f)
J(g, f)J(h, fg)
=
J ′−1(g, h)J ′−1(f, gh)
J ′−1(f, g)J ′−1(fg, h)
=
J ′(f, g)J ′(fg, h)
J ′(g, h)J ′(f, gh)
= ∂(J ′)(f, g, h)
for all f, g, h ∈ G. This implies that σ preserves 3-coboundaries. Thus, we have completed
the proof. 
For each c ∈ A, define
φc : G×G×G −→ k
∗,
[gi11 · · · g
in
n , g
j1
1 · · · g
jn
n , g
k1
1 · · · g
kn
n ] 7→(2.29)
n∏
l=1
ζ
clkl[
il+jl
ml
]
ml
∏
1≤s<t≤n
ζ
cstkt[
is+js
ms
]
mt
∏
1≤r<s<t≤n
ζcrstirjskt(mr,ms,mt).
It is obvious that σ(ωc) = φc for each c ∈ A. It follows from Proposition 2.15 and Lemma
2.16 that we have the following:
Proposition 2.17. {φc|c ∈ A} forms a complete set of representatives of the normalized
3-cocycles on G up to 3-cohomology.
The original definition of an abelian cocycle was given in [9], and an equivalent definition via
the twisted quantum double appeared in [26]. Let φ be a 3-cocycle on G, and Dφ(G) the
twisted quantum double of (kG,φ) (see [19] for the detail). φ is called an abelian 3-cocycle
if Dφ(G) is commutative. Using Proposition 2.17, one can easily determine all the abelian
3-cocycles on G. A straightforward computation shows that φc is an abelian 3-cocycle if and
only if crst = 0 for all 1 ≤ r < s < t ≤ n. We point out that the twisted Yetter-Drinfeld
category GGYD
φc is a pointed fusion category in case the 3-cocycle φc is abelian.
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Denote by VecG the category of G-graded vector spaces. Let ω be a 3-cocycle on G. We
define a tensor category VecωG. As a category, Vec
ω
G = VecG. The tensor product V ⊗W of
two graded modules is endowed with the canonical grading:
(V ⊗W )g = ⊕ef=gVe ⊗ Vf , ∀g ∈ G.
The associator a is given by
aU,V,W : (U ⊗ V )⊗W −→ U ⊗ (V ⊗W )
(x ⊗ y)⊗ z 7→ ω−1(e, f, g)x⊗ (y ⊗ z),
where x ∈ Ue, y ∈ Vf , z ∈Wg. According to [14, Proposition 2.6.1], Vec
ω
G is tensor equivalent
to the representation category of some Hopf algebra if and only if φ is a 3-coboundary on G.
3. Finite-dimensional Quasi-Hopf algebras
3.1. General setup. In this subsection, we fix some notations on abelian groups, which
will be used throughout this paper. Suppose that G is a finite abelian group, say, G =
〈g1〉 × · · · × 〈gn〉 such that |gi| = mi for 1 ≤ i ≤ n. Let Ĝ be the character group of G over k.
For each g =
∏n
i g
αi
i , define a character χg : G→ k
∗ by
(3.1) χg(h) =
n∏
i
ζαiβimi ,
where h =
∏n
i g
βi
i ∈ G. From the definition of χg, it is obvious that χ
−1
g (h) = χg−1(h) =
χg(h
−1). So χ : G −→ Ĝ, g → χg is an group isomorphism. Let k[G] be the group algebra of
G over field k. One can verify that
(3.2) {1g =
1
|G|
∑
h∈G
χg(h)h|g ∈ G}
forms a complete set of the orthogonal primitive idempotents of the algebra k[G].
Lemma 3.1. For g, h ∈ G, we have 1gh = h1g = χ
−1
g (h)1g.
Proof. 1gh =
1
|G|
∑
f∈G χg(f)fh =
1
|G|
∑
f∈G χg(fh)χg(h
−1)fh = χ−1g (h)1g. 
Now let G be an abelian group. We can define a bigger abelian group G associated to G in
the following way: assume
(3.3) G = 〈g1〉 × · · · × 〈gn〉, |gi| = mi, 1 ≤ i ≤ n;
define the group G as follows:
(3.4) G = 〈g1〉 × · · · × 〈gn〉, |gi| =mi = m
2
i , 1 ≤ i ≤ n.
It is obvious that there is a group injection:
(3.5) ι : G→ G, ι(gi) = g
mi
i , 1 ≤ i ≤ n.
Let ζ
mi
be an mi-th primitive root of unity such that ζ
mi
mi
= ζmi for 1 ≤ i ≤ n. For each
g =
∏n
i=1 g
si
i ∈ G, define χg : G→ k
∗ by
χ
g
(h) =
n∏
i=1
ζsiti
mi
, h =
n∏
i=1
g
ti
i .
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Similar to (3.2), one has a complete set {1
g
= 1|G|
∑
h∈G χg(h)h|{1g|g ∈ G} ∈ G} of
orthogonal primitive idempotents of the algebra k[G]. We have the following equality.
Lemma 3.2. The following holds for all 0 ≤ si ≤ mi − 1, 1 ≤ i ≤ n:
(3.6)
∑
0≤kj≤mj−1,1≤j≤n
1
(
∏
n
i=1 g
miki+si
i )
= 1(
∏
n
i=1 g
si
i ).
Proof. By definition we have∑
0≤kj≤mj−1,1≤j≤n
1
(
∏
n
i=1 g
miki+si
i )
=
1
|G|
∑
0≤kj≤mj−1,1≤j≤n
∑
h∈G
χ
(
∏
n
i=1 g
miki+si
i )
(h)h.
Suppose h = gr11 g
r2
2 · · ·g
rn
n . Then we have the equation:∑
0≤kj≤mj−1,1≤j≤n
χ
(
∏
n
i=1 g
miki+si
i )
(h)
=
∑
0≤kj≤mj−1,1≤j≤n
n∏
i
ζ(miki+si)ri
mi
=
n∏
i=1
(
∑
0≤ki≤mi−1
ζ(miki+si)ri
mi
).
Note that
∑
0≤kl≤ml−1
ζmlklrl
ml
= 0 if rl 6= tml for some integer 0 ≤ t ≤ ml − 1. Hence∑
0≤kj≤mj−1,1≤j≤n
χ
(
∏
n
i=1 g
miki+si
i )
(h) 6= 0
if and only if ri = timi for 0 ≤ ti ≤ mi − 1, 1 ≤ i ≤ n, i.e., h is contained in the subgroup G.
If ri = timi for 1 ≤ i ≤ n, then h = g
t1m1
1 g
t2m2
2 · · ·g
tnmn
n and we have:∑
0≤kj≤mj−1,1≤j≤n
χ
(
∏
n
i=1 g
miki+si
i )
(h) =
n∏
i=1
(
∑
0≤ki≤mi−1
ζ(miki+si)timi
mi
)
=
n∏
i=1
(
∑
0≤ki≤mi−1
ζsitimi
mi
)
=
n∏
i=1
(miζ
siti
mi
)
= |G|
n∏
i=1
ζsitimi .
It follows that∑
0≤kj≤mj−1,1≤j≤n
1
(
∏
n
i=1 g
miki+si
i )
=
1
|G|
∑
0≤kj≤mj−1,1≤j≤n
∑
h∈G
χ
(
∏
n
i=1 g
miki+si
i )
(h)h.
=
|G|
|G|
∑
0≤tj≤mj−1,1≤j≤n
n∏
i=1
ζsitimi (
n∏
i=1
g
timi
i )
=
1
|G|
∑
0≤tj≤mj−1,1≤j≤n
χ(
∏
n
i=1 g
si
i )
(
n∏
i=1
gtii )(
n∏
i=1
gtii )
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=
1
|G|
∑
g∈G
χ(
∏
n
i=1 g
si
i )
(g)g
= 1(
∏
n
i=1 g
si
i )
.
Thus, the claimed equality holds. 
3.2. Finite dimensional quasi-Hopf algebras and Cartan matrices. Keep the nota-
tions of the last subsection. Let D = D(G, (hi)1≤i≤θ , (χi)1≤i≤θ , A) be a datum of finite
Cartan type, where A = (aij)1≤i,j≤θ is a finite Cartan matrix. Let Ω be the set of the con-
nected components of I = {1, 2, · · · , θ}. Denote by (sij)1≤i≤θ,1≤j≤n and (rij)1≤i≤θ,1≤j≤n the
two families of integers satisfying:
hi =
n∏
j=1
g
sij
j , χi(gj) = ζ
rij
mj
,(3.7)
0 ≤ sij , rij <mj for all 1 ≤ i ≤ θ, 1 ≤ j ≤ n.(3.8)
It is obvious that (sij)1≤i≤θ,1≤j≤n and (rij)1≤i≤θ,1≤j≤n are uniquely determined by D. Let
Γ(D) be the subset of A such that for each c ∈ Γ(D), crst = 0 for all 0 ≤ r < s < t ≤ n and
sij ≡ cjrij modmj , 1 ≤ i ≤ θ, 1 ≤ j ≤ n,(3.9)
cijrlj ≡ 0modmj , 1 ≤ l ≤ θ, 1 ≤ i < j ≤ n,(3.10)
cijmi ≡ 0modmj , 1 ≤ i < j ≤ n.(3.11)
For each c ∈ Γ(D), define on G the functions Θ,Ψl,Υ and Fi as follows:
Θl(g) =
n∏
i=1
ζ−tisli
mi
, g =
n∏
i=1
gtii ∈ G, 1 ≤ l ≤ θ.(3.12)
Ψl(f, h) =
n∏
i=1
ζciqiϕli(f)
mi
∏
1≤i<j≤n
ζcijqjϕli(f)mimj , f =
n∏
i=1
gpii , h =
n∏
i=1
gqii ∈ G, 1 ≤ l ≤ θ.(3.13)
Υ(g) =
n∏
i=1
ζ−cilimi
mi
∏
1≤s<t≤n
ζ−cstltmsmsmt , g =
n∏
i=1
glii .(3.14)
Fi(g) =
n∏
j=1
ζ−cj(kj−rij)ϕij(g)
mj
∏
1≤s<t≤n
ζ−cst(kt−rit)ϕis(g)
msmt
, g =
n∏
i=l
gkli .(3.15)
Here
(3.16) ϕli(g) = (ki − rli)
′ − (ki − rli), g =
n∏
i=l
gkli ,
and (pi − rli)
′ is the remainder of pi − rli divided by mi.
In order to construct quasi-Hopf algebras, we need the notions of modified linking parameters
and modified root vector parameters.
Definition 3.3. A family of linking parameters λ = (λij)1≤i,j≤θ for D is said to be modified
if
(3.17) hihj /∈ G implies λij = 0 for all 1 ≤ i < j ≤ θ, i ≁ j.
A family of root vector parameters µ = (λα)α∈R for D is said to be modified if
(3.18) hNJα /∈ G implies µα = 0 for all α ∈ R
+
J , J ∈ Ω.
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Now we can give the main result of this paper.
Theorem 3.4. Let λ = (λij)1≤i,j≤θ and µ = (λα)α∈R be two families of modified link-
ing parameters and root vector parameters respectively for a datum of Cartan type D =
D(G, (hi)1≤i≤θ, (χi)1≤i≤θ, A), and c a nonzero element in Γ(D). Then we have a finite-
dimensional quasi-Hopf algebra u(D, λ, µ,Φc) generated by G and {X1, · · · , Xθ} subject to
the relations:
gXig
−1 = χi(g)Xi, for all 1 ≤ i ≤ θ, g ∈ G,(3.19)
adC(Xi)
1−aij (Xj) = 0, for all i 6= j, i ∼ j,(3.20)
adC(Xi)(Xj) = λij(1− hihj), for all i < j, i ≁ j,(3.21)
XNJα = uα(µ), for all α ∈ R
+
J , J ∈ Ω.(3.22)
The coalgebra structure of u(D, λ, µ,Φc) is given by
(3.23) △ (Xl) =
∑
f,g∈G
Ψl(f, g)Xl1f ⊗ 1g +
∑
f∈G
Θl(f)1f ⊗Xl,△(g) = g⊗ g, 1 ≤ l ≤ θ, g ∈ G.
The associator of u(D, λ, µ,Φc) is determined by
(3.24) Φc =
∑
f,g,h∈G
φc(f, g, h)(1f ⊗ 1g ⊗ 1h).
The antipode (S, α, 1) is defined by
(3.25) α =
∑
g∈G
Υ(g)1g, S(Xi) =
∑
g∈G
Fi(g)Xi1g.
The proof of Theorem 3.4 will be delivered in the next subsection. Since the quasi-Hopf
algebra u(D, λ, µ,Φc) is generated by the abelian group G and the braided vector space of
Cartan type V = k{X1, · · · , Xθ}, we shall call it a quasi-Hopf algebra of Cartan type in the
sequel. We will say that u(D, λ, µ,Φc) is associated to the Cartan matrix A, and call θ
the rank of u(D, λ, µ,Φc), as well as the rank of A.
Remark 3.5. The relations (3.20)-(3.23) for u(D, λ, µ,Φc) are similar to those of AS-
Hopf algebras u(D, λ, µ), but the generators of the two algebras are essential different. In
fact, u(D, λ, µ) is generated by G and {X1, · · · , Xθ}, and u(D, λ, µ,Φc) is the subalgebra of
u(D, λ, µ) generated by subgroup G and {X1, · · · , Xθ}.Moreover, we will prove that u(D, λ, µ,Φc)
is a quasi-Hopf subalgebra of u(D, λ, µ)J for some twist J of u(D, λ, µ).
It is obvious that u(D, λ, µ,Φc) is radically graded if and only if uα(µ) = 0, λij(1−hihj) = 0,
for all α ∈ R+, 1 ≤ i, j ≤ θ, and the radical is the ideal generated by X1, · · · , Xθ. Note
that if µ = 0, then uα(µ) = 0 by (2.19). It follows the definitions of a familly of modified
linking parameters and a family of modified root vector parameters thta the quasi-hopf algebra
u(D, λ, µ,Φc) is radically graded if and only if both λ = 0 and µ = 0.
Remark 3.6. (1). Let G be a cyclic group, H the AS-Hopf algebra u(D, 0, 0). The quasi-
Hopf algebra u(D, 0, 0,Φc) is nothing but the basic quasi-Hopf algebra A(H, c) (over
the cyclic group G) classified in [5].
(2). Suppose that A is a connected Cartan Matrix of rank n, and g is the simple Lie
algebra associated to A. Let G = Znm for some positive odd integer m, which is not
divisible by 3 if A is of type G2. Let hi =
∏n
j=1 g
aij
j , χi(gl) = ζ
δil
m2
for 1 ≤ i, l ≤ n.
Let ci = aii, cj,k = ajk for 1 ≤ i ≤ n, 1 ≤ j < k ≤ n. Then u(D, 0, 0,Φc) is the half
small quasi-quantum groups Aq(g) given in [11], where q = ζm2 .
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(2). Suppose that A is the diagonal Cartan matrix A1×A1 × · · ·A1. Then the dual of the
quasi-Hopf algebras u(D, 0, 0,Φc) is a quasi-quantum linear space, see [21].
3.3. The proof of Theorem 3.4. Let H = u(D, λ, µ) be the AS-Hopf algebra given in
Theorem 2.14, which is generated by G and {X1, · · · , Xθ}. By [4, Theorem 4.5], the group
of group-like elements of H is G. According to Subsection 3.1, we know that χ : G → Ĝ is
a group isomorphism. Let {η1, · · · , ηθ} be the set of elements in G such that χηi = χi for
1 ≤ i ≤ θ. By (3.7), it is obvious that
(3.26) ηi =
n∏
j=1
g
rij
j , 1 ≤ i ≤ θ.
Moreover we have the following.
Lemma 3.7.
(3.27) 1
g
Xi = Xi1gηi , for all g ∈ G, 1 ≤ i ≤ θ.
Proof. Follows from the following equations:
1
g
Xi =
1
|G|
∑
f∈G
χ
g
(f)fXi =
1
|G|
∑
f∈G
χ
g
(f)χηi(f)Xif =
1
|G|
Xi
∑
f∈G
χ
gηi(f)f = Xi1gηi .

Given c ∈ Γ(D), we define:
(3.28) Jc : G×G→ k
∗; (gx11 · · ·g
xn
n ,g
y1
1 · · ·g
yn
n ) 7→
n∏
l=1
ζ
clyl(x
′
l−xl)
ml
∏
1≤s<t≤n
ζ
cstyt(x
′
s−xs)
msmt ,
where the element x′i stands for the remainder of xi divided by mi, for 1 ≤ i ≤ n. One can
easily verify that Jc is a 2-cochain of G. We will see that this 2-cochain Jc induces a twist of
the Hopf algebra H . Define Jc =
∑
f,g∈G Jc(f,g)1f ⊗ 1g ∈ H ⊗H .
Lemma 3.8. Jc is a twist of H.
Proof. It is obvious that Jc is invertible with inverse J
−1
c =
∑
f,g∈G J
−1
c (f,g)1f ⊗ 1g. Next
we verify that (ε ⊗ id)(Jc) = (id ⊗ ε)(Jc) = 1 holds. Suppose g =
∏n
i=1 g
ki
i for some
0 ≤ ki ≤mi, 1 ≤ i ≤ n. Then the following equations hold:
ε(1
g
) =
1
|G|
ε(
∑
h∈G
χ
g
(h)h) =
1
|G|
∑
h∈G
χ
g
(h)
=
1
|G|
∑
0≤lj≤mj−1,1≤j≤n
(
n∏
i=1
ζkili
mi
)
=
1
|G|
n∏
i=1
(
∑
0≤li≤mi−1
ζkili
mi
).
It follows that
ε(1
h
) =
{
0, if h 6= 1;
1, if h = 1.
Hence, (ε ⊗ id)(Jc) =
∑
g∈G Jc(1,g)1g =
∑
g∈G 1g = 1. Similarly, the equation: (id ⊗
ε)(Jc) = 1 holds. 
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Since H is a Hopf algebra, we can view it as a quasi-Hopf algebras with the trivial associator
Φ = 1⊗ 1⊗ 1 and the usual antipode (S, 1, 1). According to Subsection 2.1, we can construct
a quasi-Hopf algebra HJc = (HJc ,△
Jc
, ε,Φ
Jc
, S
Jc
, β
Jc
α
Jc
, 1). The associator of HJc can be
explicitly described as follows:
Lemma 3.9.
(3.29) Φ
Jc
=
∑
f,g,h∈G
φc(f, g, h)1f ⊗ 1g ⊗ 1h
Proof. First of all, we need to verify the comultiplication of the element 1
g
for every g ∈ G:
(3.30) △ (1
g
) =
∑
fh=g
1
f
⊗ 1
h
.
Indeed, we have:
∑
fh=g
1
f
⊗ 1
h
=
1
|G|2
∑
fh=g
∑
x∈G
χ
f
(x)x ⊗
∑
y∈G
χ
h
(y)y
=
1
|G|2
∑
x,y∈G
[
∑
fh=g
χ
f
(x)χ
h
(y)x⊗ y]
=
1
|G|
∑
x∈G
χ
g
(x)x⊗ x
= △(1
g
),
where the third identity follows from the equation:
∑
fh=g
χ
f
(x)χ
h
(y) =
{
0, if x 6= y;
|G|χ
g
(x), if x = y.
Hence, it yields:
Φ
Jc
= (1⊗ Jc)(id⊗△)(Jc)(△⊗ id)(J
−1
c )(Jc ⊗ 1)
−1
=
∑
f,g,h∈G
Jc(g,h)Jc(f,gh)
Jc(f,g)Jc(fg,h)
1
f
⊗ 1
g
⊗ 1
h
=
∑
f,g,h∈G
∂(Jc)(f,g,h)1f ⊗ 1g ⊗ 1h.
Now suppose f =
∏n
i=1 g
ximi+ri
i , g =
∏n
i=1 g
yimi+si
i , h =
∏n
i=1 g
zimi+ti
i for 0 ≤ xi, yi, zi, ri,
si, ti ≤ mi − 1, 1 ≤ i ≤ n. Let f =
∏n
i=1 g
ri
i , g =
∏n
i=1 g
si
i , h =
∏n
i=1 g
ti
i . We compute the
element ∂(Jc)(f,g,h):
∂(Jc)(f,g,h) =
n∏
i=1
ζ
citi[
ri+si
mi
]mi
mi
∏
1≤j<k≤n
ζ
cjktk[
rj+sj
mj
]mj
mjmk
= φc(f, g, h).
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Applying Lemma 3.2, we obtain:
Φ
Jc
=
∑
0≤xl,yl,zl≤ml−1,1≤l≤n
∑
0≤rl,sl,tl≤ml−1,1≤l≤n
n∏
i=1
ζ
citi[
ri+si
mi
]mi
mi
∏
1≤j<k≤n
ζ
cjktk[
rj+sj
mj
]mj
mjmk
×e
(
∏
n
i=1 g
ximi+ri
i )
⊗ e
(
∏
n
i=1 g
yimi+si
i )
⊗ e
(
∏
n
i=1 g
zimi+ti
i )
=
∑
0≤rl,sl,tl≤ml−1,1≤l≤n
n∏
i=1
ζ
citi[
ri+si
mi
]mi
mi
∏
1≤j<k≤n
ζ
cjktk[
rj+sj
mj
]mj
mjmk
×1(
∏
n
i=1 g
ri
i )
⊗ 1(
∏
n
i=1 g
si
i )
⊗ 1
(
∏
n
i=1 g
ti
i )
=
∑
f,g,h∈G
φc(f, g, h)1f ⊗ 1g ⊗ 1h,
as desired. 
Lemma 3.10. uα(µ) ∈ kG for all α ∈ R
+.
Proof. Since R+ = ∪J∈ΩR
+
J , it suffices to show uα(µ) ∈ kG for any α ∈ R
+
J with a fixed
J ∈ Ω. Suppose that J = {i1, · · · , iη} ⊂ I, and {αi1 , · · · , αiη} is the set of the simple roots
corresponding to the vertexes of J. Let wJ = sj1sj2 · · · sjPJ be the reduced presentation of the
longest element of the Weyl group WJ in terms of simple reflections. Define
(3.31) βjl = sj1sj2 · · · sjl−i(αjl) for 1 ≤ l ≤ PJ
and
(3.32) a = a1βji + a2βj2 + · · ·+ aPJβjPJ , a ∈ N
PJ .
We show that ua ∈ kG for each a ∈ NPJ . Consequently, it leads to uα(µ) ∈ kG for all
α ∈ R+J . We will prove it by induction on ht(a).
In case ht(a) = 1, then a is a simple root contained in {αi1 , · · · , αiη}, say, αik . By (2.22), we
have ua = µa(1− h
a) = hNJaik
. It follows from 3.18 that ua = µa(1− h
a) ∈ kG.
Now assume that ua ∈ kG holds for all a ∈ NPJ such that ht(a) < l. Let a ∈ NPJ such that
ht(a) = l. If a = βjs for some 1 ≤ s ≤ PJ , then
ua = µa(1− h
a) +
∑
b,c 6=0,b+c=a
tab,cµbu
c,
and ha = hNJβjs . From 3.18 we see that the part µa(1 − h
a) ∈ kG. The fact that second part∑
b,c 6=0,b+c=a t
a
b,cµbu
c belongs to kG follows from the induction assumption. If a 6= βjs for
any 1 ≤ s ≤ PJ , then a = (a1, a2, · · · , as, · · · , 0) with as > 0 for some 1 ≤ s ≤ PJ . Let
es = (0, · · · , 1︸ ︷︷ ︸
s
, 0, · · · , 0).
By Proposition 2.10, we have ua = ua−esues . Since both heights of a − es and es are less
than l, the elements ua−es , ues belong to kG by the induction assumption. This implies that
ua ∈ kG. 
Now we denote by A(H, c) the subalgebra of HJc generated by G and {X1, · · · , Xθ}. We
are going to show that A(H, c) is the desired quasi-Hopf algebra if we choose an approriate
element c. We first describe the defining relations of the generators of A(H, c).
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Proposition 3.11. The algebra A(H, c) can be presented by the generators G and {X1, · · · , Xθ}
and the following relations:
gXig
−1 = χi(g)Xi, for all 1 ≤ i ≤ θ, g ∈ G,(3.33)
adC(Xi)
1−aij (Xj) = 0, for all i 6= j, i ∼ j,(3.34)
adC(Xi)(Xj) = λij(1− hihj), for all i < j, i ≁ j,(3.35)
XNJα = uα(µ), for all α ∈ R
+
J , J ∈ Ω.(3.36)
Moreover, A(H, c) has a basis of the form
Xx1β1X
x2
β2
· · ·XxPβP g, g ∈ G, 0 ≤ xi ≤ NJ , βi ∈ R
+
J .
Proof. Since the relations (3.34)-(3.35) hold inH for the groupG and the generatorsX1, · · ·Xθ,
they hold as well for the subgroup G and X1, · · · , Xθ. Relation (3.37) follows from Lemma
3.10. For the relation (3.36), it is enought to show that the elements λij(1− hihj) fall in kG.
But this is true because of (3.17). The last part of the proposition follows from [4, Theorem
3.3] and Relation (3.29). 
The algebra A(H, c) is apparently not a Hopf subalgebra of H . However, it is a quasi-Hopf
subalgebra of some twist of H .
Proposition 3.12. A(H, c) is a quasi-Hopf subalgebra of HJc if and only if c ∈ Γ(D).
Proof. ⇐ . First of all, we show that A(H, c) is closed under the comultiplication △
Jc
of HJc .
It is obvious that △
Jc
(g) = Jc(g ⊗ g)J
−1
c = g ⊗ g for any g ∈ G ⊂ G since G is abelian. It
remains to show that △
Jc
(Xi) ∈ A(H, c)⊗A(H, c) for 1 ≤ i ≤ θ. By Lemma 3.1 and 3.7, we
have
△
Jc
(Xi) = Jc(Xi ⊗ 1 + hi ⊗Xi)J
−1
c
= (
∑
f,g∈G
Jc(f,g)1f ⊗ 1g)(Xi ⊗ 1 + hi ⊗Xi)(
∑
f,g∈G
J−1c (f,g)1f ⊗ 1g)
=
∑
f,g∈G
[
Jc(fη
−1
i ,g)
Jc(f,g)
Xi1f ⊗ 1g +
Jc(f,gη
−1
i )
Jc(f,g)
χ−1
f
(hi)1f ⊗Xi1g].
Suppose f =
∏n
j=1 g
xjmj+kj
j ,g =
∏n
j=1 g
yjmj+lj
j for 0 ≤ xj , yj, kj , lj ≤ mj − 1, 1 ≤ j ≤ n. Let
(kj − rij)
′ be the remainder of (kj − rij) divided by mj for 1 ≤ 1 ≤ j ≤ n, and define
(3.37) ψij =
{
(kj − rij)
′ − (xjmj + kj − rij), if xjmj + kj − rij ≥ 0;
(kj − rij)
′ −mj − (xjmj + kj − rij), if xjmj + kj − rij < 0.
Then by (3.11) we have
Jc(fη
−1
i ,g)
Jc(f,g)
=
∏n
j=1 ζ
cj ljψij
mj
∏
1≤s<t≤n ζ
cstltψis
msmt∏n
j=1 ζ
−cj ljxjmj
mj
∏
1≤s<t≤n ζ
−cstltxsms
msmt
(3.38)
=
n∏
j=1
ζcj lj((kj−rij)
′−(kj−rij))
mj
∏
1≤s<t≤n
ζcstlt((ks−ris)
′−(ks−ris))
msmt
=
n∏
j=1
ζcj ljϕij
mj
∏
1≤s<t≤n
ζcstltϕismsmt .
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Similarly, by (3.9) and (3.10), we obtain
Jc(f,gη
−1
i )
Jc(f,g)
χ−1
f
(hi) = Jc(f, η
−1
i )χ
−1
f
(hi)(3.39)
=
n∏
j=1
ζcjrijxjmj)
mj
∏
1≤s<t≤n
ζcstrit(xsms)msmt
n∏
j=1
ζ−(xjmj+kj)sij
mj
=
n∏
j=1
ζ(cjrij−sij)xjmj)
mj
∏
1≤s<t≤n
ζcstrit(xsms)msmt
n∏
j=1
ζ−kjsij
mj
=
n∏
j=1
ζ−kjsij
mj
.
Hence,
△
Jc
(Xi) =
∑
0≤xr,yr,kr,lr≤mr−1,1≤r≤n
[
n∏
j=1
ζcj ljϕij
mj
∏
1≤s<t≤n
ζcstltϕismsmt(3.40)
×Xi1(
∏
n
j=1 g
xjmj+kj
j )
⊗ 1
(
∏
n
j=1 g
yjmj+lj
j )
+
n∏
j=1
ζ−kjsij
mj
1
(
∏
n
j=1 g
xjmj+kj
j )
⊗Xi1(
∏
n
j=1 g
yjmj+lj
j )
]
=
∑
0≤kr ,lr≤mr−1,1≤r≤n
[
n∏
j=1
ζcj ljϕij
mj
∏
1≤s<t≤n
ζcstltϕismsmt
×Xi1
(
∏
n
j=1 g
kj
j )
⊗ 1
(
∏
n
j=1 g
lj
j )
+
n∏
j=1
ζ−kjsij
mj
1
(
∏
n
j=1 g
kj
j )
⊗Xi1
(
∏
n
j=1 g
lj
j )
].
=
∑
f,g∈G
Ψ(f, g)Xi1f ⊗ 1g +
∑
f∈G
Θl(f)1f ⊗Xi.
The second equality follows from Lemma 3.2. So we have proved that △
Jc
(Xi) ∈ A(H, c)⊗
A(H, c), hence A(H, c) is closed under the comultiplication △
Jc
of HJc .
Next we will show that (S
Jc
|A(H,c), βJcαJc , 1) is a antipode of A(H, c). For all g ∈ G, we have
S(1
g
) = S(
1
|G|
∑
h∈G
χ
g
(h)h) =
1
|G|
∑
h∈G
χ
g
(h)h−1 = 1
g
−1 .
So we obtain
α
Jc
=
∑
f,g∈G
J−1c (f,g)1f−11g =
∑
g∈G
J−1c (g
−1,g)1
g
,(3.41)
β
Jc
=
∑
f,g∈G
Jc(f,g)1f1
g
−1 =
∑
g∈G
Jc(g,g
−1)1
g
.(3.42)
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It is obvious that β
Jc
is invertible with inverse
∑
g∈G J
−1
c (g,g
−1)1
g
, and we have:
β
Jc
α
Jc
=
∑
g∈G
Jc(g,g
−1)
Jc(g−1,g)
1
g
(3.43)
=
∑
0≤ki,li≤mi−1,1≤i≤n
∏n
i=1 ζ
cilikimi
mi
∏
1≤s<t≤n ζ
cstltksms
msmt∏n
i=1 ζ
cili(ki+1)mi
mi
∏
1≤s<t≤n ζ
cstlt(ks+1)ms
msmt
1
(
∏
n
i=1 g
kimi+li
i )
=
∑
0≤ki,li≤mi−1,1≤i≤n
n∏
i=1
ζ−cilimi
mi
∏
1≤s<t≤n
ζ−cstltmsmsmt 1(
∏
n
i=1 g
kimi+li
i )
=
∑
0≤li≤mi−1,1≤i≤n
n∏
i=1
ζ−cilimi
mi
∏
1≤s<t≤n
ζ−cstltmsmsmt 1(
∏
n
i=1 g
li
i )
=
∑
g∈G
Υ(g)1g.
Here the second identity follows from (3.11), and the fourth identity follows from Lemma 3.2.
Hence we have showed β
Jc
α
Jc
∈ A(H, c). Next we will show that S
Jc
preserve A(H, c). It is
obvious that S
Jc
(g) = g−1 for all g ∈ G. For each Xi, 1 ≤ i ≤ θ we have
S
Jc
(Xi) = βJcS(Xi)β
−1
Jc
= −β
Jc
(h−1i Xi)β
−1
Jc
(3.44)
= −
∑
f,g∈G
Jc(f, f
−1)
Jc(g,g−1)
χ
f
(hi)1fXi1g
= −
∑
g∈G
Jc(gη
−1
i ,g
−1ηi)
Jc(g,g−1)
χ
gη−1i
(hi)Xi1g
=
∑
0≤xl,kl≤ml−1,1≤l≤n
n∏
j=1
ζ−cj(kj−rij)[(kj−rij)
′−(kj−rij)]
mj
×
∏
1≤s<t≤n
ζ−cst(kt−rit)[(ks−ris)
′−(ks−ris)]
msmt
Xi1(
∏
n
l=1 g
xlml+kl
l
)
=
∑
0≤kl≤ml−1,1≤l≤n
n∏
j=1
ζ−cj(kj−rij)[(kj−rij)
′−(kj−rij)]
mj
×
∏
1≤s<t≤n
ζ−cst(kt−rit)[(ks−ris)
′−(ks−ris)]
msmt
Xi1(
∏
n
l=1 g
kl
l
)
=
∑
g∈G
Fi(g)Xi1g,
where the third identity follows from Lemma 3.1 and 3.7; the fourth identity follows from
(3.9)-(3.11); and the fifth identity follows from Lemma 3.2. So S
Jc
(Xi) ∈ A(H, c), and SJc
preserves A(H, c) because S
Jc
is an anti-algebra morphism and A(H, c) is generated by G and
{X1, · · · , Xθ}.
⇒ . We omit the detailed computation, and point out that △
Jc
(Xi) ∈ A(H, c) ⊗ A(H, c)
implies (3.9)-(3.11), and S
Jc
(Xi) ∈ A(H, c) implies (3.9)-(3.11). Hence c must be contained
in Γ(D). 
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Proof of Theorem 3.4. Let c ∈ Γ(D). By Proposition 3.11, we know that A(H, c) is identi-
cal to u(D, λ, µ,Φc) as algebras. By Proposition 3.12, A(H, c) is a quasi-Hopf algebra. Thus,
u(D, λ, µ,Φc) is also a quasi-Hopf algebra with the comultiplication△ satisfying △(g) = g⊗g
and (3.40). The antipode (S, α, 1) is determined by (3.43) and (3.44), and the associator Φ
is given by (3.29). Therefore, we have proved the theorem. ✷
3.4. Examples of quasi-Hopf algebras of Cartan type. In this subsection, we will give
some examples of quasi-Hopf algebras of Cartan type. We make a convention that the comul-
tiplications, the associators, and the antipodes of the quasi-Hopf algebras in those examples
below can be written in the forms as listed in (3.23)-(3.25), and hence will be omitted.
Example 3.13. Basic quasi-Hopf algebras over cyclic groups. Let G = Zm = 〈g〉.
In this case, G = Zm2 = 〈g〉, and G is identical to the subgroup 〈g
m〉 of G, see (3.5). Let
D = D(G, (hi)1≤i≤θ , (χi)1≤i≤θ , A) be a datum of finite Cartan type, where
hi = g
si , χi(g) = ζ
ri
m2
for some 0 < si, ri < m
2, 1 ≤ i ≤ θ. Denote by H the AS-Hopf algebra u(D, 0, 0), and let s be
a number satisfying 0 < s < m and sri ≡ simodm for all 1 ≤ i ≤ θ, and c = {s}. Then we get
a quasi-Hopf algebra u(D, 0, 0,Φc) = A(H, s), see [5, Proposition 3.1.1] for the definition of
A(H, s). According to [5, Theorem 3.4.1], any nonsemisimple, genuine basic graded quasi-Hopf
algebra over a cyclic group with dimension not divisible by 2 and 3 must be twist equivalent
to some u(D, 0, 0,Φc).
Let m = p and D = D(G,g, χ, A1) such that χ(g) = ζp2 . Then it is obvious that s = 1,
c = {1}, and we get a quasi-Hopf algebra u(D, 0, 0,Φc) generated by G and X with the
relations
gXg−1 = ζpX, X
p2 = 0.
According to the classification of pointed Hopf algebras of dimension p3 in [2], we know that
u(D, 0, 0,Φc) does not admit a pointed Hopf algebra structure.
Next we will construct a few more non-radically graded quasi-Hopf algebras of rank 2. First
we give an example of a quasi-Hopf algebra associated to A1 × A1, and then present some
examples of quasi-Hopf algebras associated to A2, B2, G2.
Example 3.14. The quasi-version of uq(sl2). Let N > 2 and d be two positive odd
numbers, and G = Zm = 〈g〉, G = Zm2 = 〈g〉, where m = Nd. As usual, G is viewed as the
subgroup of G. Let D = D(G, (h1, h2), (χ1, χ2), A1 ×A1), where
h1 = h2 = g
m, χ1(g) = ζ
2d
m2 , χ2(g) = ζ
−2d
m2
.
It is easy to verify that D is a datum of Cartan type. Since Γ(D) is the set of numbers
0 ≤ c ≤ m− 1 satisfying
m ≡ 2cd modm,
m ≡ −2cd modm.
Both equations are equivalent with N |c since m = Nd and N is odd.
In this case, it is clear that Γ(D) = {c = kN |0 ≤ k < d}. Let q = ζmdm2 . By Hc we denote the
algebra generated by g,X1, X2 subject to the relations as follows:
gX1g
−1 = q2X1, gX2g
−1 = q−2X2,
X1X2 − q
−2X2X1 = λ(1 − g
2),
XN1 = X
N
2 = 0.
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Let E = X1, F = X2g
−1, and λ = q−1 − q, then we can see that Hc is generated by g, E, F
satisfying the relations:
gEg−1 = q2X1, qFg
−1 = q−2X2,
EF − FE =
g − g−1
q − q−1
,
EN = FN = 0.
When d = 1, we have c = 0 and Hc ∼= uq(sl2). When d > 1, we know that Γ(D) has nonzero
elements. If c = 0, we have Hc ∼= u(D
′, λ, 0), where D′ = D(G, (g, g), (χ′1, χ
′
2), A1 × A1) and
χ′1(g) = q
2, χ2(g) = q
−2. If c ∈ Γ(D) is nonzero, then we have Hc = u(D, λ, 0,Φc). Because
of this fact, u(D, λ, 0,Φc) can be viewed as the quasi-version of uq(sl2), and is called a small
quasi-quantum group. More small quasi-quantum groups will be studied in Section 5.
The above example provides us some non-radically graded quasi-Hopf algebras associated to
A1×A1.We point out that there is a similar notion of a quasi-version of uq(sl2) in [24], where
Liu defined a quasi-Hopf analogue of uq(sl2) as a quantum double of a quasi-Hopf algebra
associated to A1. It is obvious that these two definitions are different, since the dimension
of a quasi-version of uq(sl2) is not a square in general. Hence, it should not be a quantum
double. In order to construct non-radically graded examples of type A2, B2, G2, we need the
following well-known proposition from number theory.
Proposition 3.15. Let a, b, n be nonzero integers. Then the equation ax ≡ bmodn has
solutions if and only if (a, n)|b. Moreover, if there exists a solution, then it is unique up to
modulo n(a,n) .
Example 3.16. Quasi-Hopf algebras associated to A2, B2, G2. Let A be a Cartan matrix
of type A2, B2 or G2. Suppose that m,n, d are positive odd numbers such that (m,n) =
(m, d) = (n, d) = 1. In addition, in case A is of type G2, we will assume that the three
numbers m,n and d are not divisible by 3. Let G = 〈g1〉 × 〈g2〉 × 〈g3〉 × 〈g4〉, where |g1| =
md, |g2| = nd, |g3| = md
2, and |g4| = nd
2. The group G and the generators gi, 1 ≤ i ≤ 4 are
defined in a similar manner as before. Let a, b, k be the numbers listed in the Table 1. Define
D = D(G, (h1, h2), (χ1, χ2), A), where
h1 = (g1g2)
mn, h2 = (g1g2g3g4)
mn
χ1(g1) = ζ
a
d2 , χ1(g2) = ζ
a
d2 , χ1(g3) = ζ
b
d2 , χ1(g4) = ζ
b
d2 ,
χ2(g1) = ζ
a
d2 , χ2(g2) = ζ
a
d2 , χ2(g3) = ζd4 , χ2(g4) = ζ
kd2−1
d4
.
Let A = (aij)1≤i,j≤2 such that a12 ≤ a21. Then one can easily show that
χ1(h2)χ2(h1) = χ1(h1)
a12 = χ2(h2)
a21 .
Hence D is a datum of Cartan type.
Next we will show that Γ(D) contains nonzero elements. By definition, Γ(D) is the set of
families c = (ci, cst)1≤i≤4,1≤s<t≤4 satisfying (3.9)-(3.11). So we only need to show that Equa-
tions (3.9) have nonzero solutions {c1, c2, c3, c4}, since (3.10)-(3.11) always have solutions.
Equations (3.9) are equivalent to:
mn ≡ c1m
2a modmd;(3.45)
mn ≡ c2n
2a modnd;(3.46)
0 ≡ c3(bm
2d2) modmd2,mn ≡ c3m
2 modmd2;(3.47)
0 ≡ c4(bm
2d2) modnd2,mn ≡ c4n
2(kd2 − 1) modnd2.(3.48)
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Table 1. a, b, k associated to A2, B2, G2..
a, b, k associated to A Cartan matrix A
1. a = 1, b = −3, k = 0 A2
2. a = 1, b = −3, k = −1 B2
3. a = 3, b = −6, k = −4 G2
By Proposition 3.15, these equations have solutions. It is obvious that any solution (c1, c2, c3, c4)
of Equations (3.45)-(3.48) should not be zero since (n, d) = 1. Hence, Γ(D) contains nonzero
elements.
At last, we will show that there exists a family of nonzero modified root vector parameters µ
for D. Note that A is connected, so λ must be zero. Since N = |χi(hi)| for i = 1, 2, (see (2.16)
for definition), it is obvious that N = |ζ2amnd2 | = d
2. Let αi be the simple root corresponding
to Xi, 1 ≤ i ≤ 2. We have h
N
1 = (g1g2)
d2mn = gdn1 g
dm
2 ∈ G, h
N
1 6= 1, and χ
N
1 = χ
d2
1 = 1.
So µα1 is a nonzero parameter. Thus, there exists a family µ of nonzero modified root vector
parameters for D. The quasi-Hopf algebra u(D, 0, µ, A) is a nonradically graded quasi-Hopf
algebra associated to A. In Section 6, we will show that these quasi-Hopf algebras are genuine.
Remark 3.17. Consider the subalgebra of u(D, 0, µ, A) generated by g1, g2, X1 in Example
3.16. This algebra is a quasi-Hopf algebra of rank one with a nontrivial root vector relation.
Hence, it is nonradically graded. We make a convention that if u(D, λ, µ,A) is a quasi-Hopf
algebra over a cyclic group, then the root vector relation must be trivial, i.e. µ = 0. For this
reason, we can only construct quasi-Hopf algebras with nontrivial root vector relations over
noncyclic groups.
4. Radically graded quasi-Hopf algebras of Cartan type
In this section, we study radically graded quasi-Hopf algebras of Cartan type. We show that
all the radically graded quasi-Hopf algebras given in Theorem 3.4 are genuine quasi-Hopf
algebras, which leads to some interesting classification results.
4.1. Radically graded quasi-Hopf algebras of Cartan type are genuine. In general,
it is very difficult to determine whether a nonradically graded quasi-Hopf algebra is genuine
or not. However, for radically graded quasi-Hopf algebras, we have the following proposition.
Proposition 4.1. Suppose that H = ⊕i≥0H [i] is a finite-dimensional radically graded quasi-
Hopf algebra. Then H is genuine if and only if H [0] is a genuine quasi-Hopf algebra.
Proof. “⇐”: Suppose H = (H,△, ε,Φ, S, α, β). By the definition of a radically graded quasi-
Hopf algebra, H [0] = (H [0],△, ε,Φ, S|H[0], α, β) is a quasi-Hopf subalgebra of H . If H is not
genuine, then there is a twist J of H , such that HJ is a Hopf algebra, i.e.,
ΦJ = 1⊗ 1⊗ 1, αJβJ = 1.
Let π : H → H [0] = H/I be the natural projection, where I = ⊕i≥1H [i] is the Jacobson
radical of H. Define J0 = (π⊗π)(J). It is clear that J = J0+J≥1, where J≥1 ∈ H⊗I+I⊗H.
Since ε(I) = 0, we have (id⊗ ε)(J0) = (π ⊗ π)(id ⊗ ε)(J) = 1. Similarly, (ε⊗ id)(J0) = 1. It
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is obvious that J0 has the inverse (π ⊗ π)(J
−1) because π is an algebra morphism. It follows
that J0 is a twist for H [0]. Now Φ ∈ H [0]
⊗3 implies that{
ΦJ0 ∈ H [0]
⊗3,
ΦJ≥1 ∈ H ⊗H ⊗ I +H ⊗ I ⊗H + I ⊗H ⊗H.
Combining ΦJ = 1⊗ 1⊗ 1, we obtain ΦJ0 = ΦJ = 1⊗ 1⊗ 1. Similarly, we have αJ0βJ0 = 1.
Hence, H [0]J0 is a Hopf algebra, a contradiction to the fact that H [0] is genuine.
“⇒”: If H [0] is not genuine, then there is a twist J of H [0] such that H [0]J is a Hopf algebra.
It is easy to see that J is also a twist of H , and HJ is a Hopf algebra. 
Theorem 4.2. Suppose that u(D, λ, µ,Φc) is a quasi-Hopf algebra of Cartan type with λ =
0, µ = 0. Then u(D, λ, µ,Φc) is a genuine quasi-Hopf algebra.
Proof. Keep the same notations as those in Theorem 3.4. Let H = u(D, 0, 0,Φc) and the
radically graded structure is given by H = ⊕i≥0H [i]. Then H [0] = kG, and the associator
Φc =
∑
e,f,g∈G
φc(e, f, g)1e ⊗ 1f ⊗ 1g
for a nonzero c ∈ Γ(D). By Proposition 2.17, φc is a 3-cocycle on G, but not a coboundary.
So (H [0],Φc) is a genuine quasi-Hopf algebra. It follows from Proposition 4.1 that H =
u(D, 0, 0,Φc) is a genuine quasi-Hopf algebra. 
4.2. Some classification results. Let H = ⊕i≥0H [i] be a finite-dimensional radically
graded quasi-Hopf algebra. The ideal I = ⊕i≥1H [i] is the radical of H . Note that H [i] =
Ii/Ii+1. In fact, we have the following relations:
(4.1) H [i] = H [1]i, i ≥ 1.
Assume that H0 = k[G] and G an abelian group. Then (k[G],Φ) is a quasi-Hopf subalgebra of
H with the inherited associator Φ and the restricted antipode (S|H0 , α, β). Now we construct
a new quasi-Hopf algebra Ĥ . By ⊲ we denote the inner action of H [0] on H [1]:
g ⊲ X = g ·X · g−1, g ∈ G, X ∈ H [1],
where · stands for the multiplication of H . Extend the action of H [0] on H [1] to the tensor
algebra T (H [1]) naturally.
Let Ĥ be the smash product algebra T (H [1])⋊H [0]. The algebra Ĥ has a natural comulti-
plication given by
△
Ĥ
(X) = △H(X),△Ĥ(g) = g ⊗ g,X ∈ H [1], g ∈ G.
Let S′ : Ĥ → Ĥ ⊗ Ĥ be a algebra antimorphism such that S′|H[0]⊗H[1] = S|H[0]⊗H[1]. One
may verify straightforward that (Ĥ,△
Ĥ
,Φ, S′, α, β) forms a quasi-Hopf algebra. It is obvious
that we have a canonical surjective homomorphism P : Ĥ → H such that P restricts to the
identity on H [0]⊕H [1].
In what follows, the elements in H [n] will be said to be of degree n. In order to classify
the finite-dimensional radically graded quasi-Hopf algebras over abelian groups, we need the
following proposition, whose proof is parallel to [5, Proposition 3.3.2, Proposition 3.3.3], hence
will be omitted.
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Proposition 4.3. Let H be a finite-dimensional radically graded quasi-Hopf algebra, and
π : H → u(D, 0, 0,Φc) a quasi-Hopf algebra epimorphism such that the restriction of π to the
parts of degree 0 and 1 is the identity. Then adc(Xi)
1−aij (Xj) = 0, i 6= j and X
NJ
α = 0, α ∈
R+J , J ∈ Ω hold in H.
Now we are able to give one of the main results of the paper. The notations of G,G, gi,gi, 1 ≤
i ≤ n are the same as those in Subsection 3.1.
Theorem 4.4. Suppose that H is a radically graded finite-dimensional genuine quasi-Hopf
algebra over an abelian group G with an associator Φ =
∑
e,f,g∈G φ(e, f, g)1e⊗ 1f ⊗ 1g, where
φ an abelian 3-cocycle on G satisfying 2, 3, 5, 7 ∤ dim(H). Then H ∼= u(D, 0, 0,Φc) for some
datum of finite Cartan type D and some nonzero c ∈ Γ(D).
Proof. According to Subsection 2.5, we know that {φc|c ∈ A, cr,s,t = 0, 1 ≤ r < s < t ≤ n}
is a complete set of representatives of abelian 3-cocycles on G. Thus there exists a 2-cochain
J on G such that φ∂J = φc for some c in A satisfying cr,s,t = 0 for all 1 ≤ r < s < t ≤ n.
Let J =
∑
f,g J(f, g)1f ⊗ 1g. It is clear that the associator of H
J is Φc. Thus, without loss of
generality, we may assume that the associator of H is Φc for some c ∈ {c ∈ A|cr,s,t = 0, 1 ≤
r < s < t ≤ n}.
Since H = ⊕i≥0H [i] is a radically graded quasi-Hopf algebra, we can construct a new quasi-
Hopf algebra Ĥ, so that there is an epimorphism P : Ĥ → H such that P restricts to the
identity on H [0] ⊕ H [1]. Denote by L the sum of all quasi-Hopf ideals of Ĥ contained in∑
i≥2H [i]. It is easy to see that KerP ∈ L. Let H be the quotient Ĥ/L, and η : Ĥ → H the
canonical projection. Thus, there exists an epimorphism π : H → H such that η = πP . Note
that π restricts to the identity as well on H [0]⊕H [1].
Next we show that H ∼= u(D, 0, 0,Φc) for some D and some c ∈ Γ(D). Then, it follows from
Proposition 4.3 that π must be an isomorphism, and the proof will be done. Decompose
H [1] = ⊕
χ∈ĜHχ[1], where
(4.2) Hχ[1] = {X ∈ H [1]|gXg
−1 = χ(g)X, ∀g ∈ G}.
For each χ ∈ Ĝ, define a χ˜ ∈ Ĝ by χ˜(gi) = χ(gi)
1
mi , 1 ≤ i ≤ n. Denote by H˜ the quasi-Hopf
algebra generated by H and gi, 1 ≤ i ≤ n, where g
mi
i = gi, and gXg
−1 = χ˜(g)X for all
g ∈ G and X ∈ Hχ[1]. It is obvious that H˜ is a radically graded quasi-Hopf algebra over G,
and H is the quasi-Hopf subalgebra of H˜ generated by H˜[1] and gi, 1 ≤ i ≤ n.
Consider A = H˜J
−1
c . Since A is a finite-dimensional radically graded Hopf algebra overG, and
A is of the form R#kG for some braided graded Hopf algebra in the category of Yeter-Drinfeld
modules over G. So A is also a finite-dimensional pointed Hopf algebra over G. By the classi-
fication result of [4], there exists a datum of finite Cartan type D = D(G, (hi)1≤i≤θ, (χi)1≤i≤θ
such that A = u(D, 0, 0). Since H is generated by AJc [1] and gi, 1 ≤ i ≤ n, there is a nonzero
c ∈ Γ(D) such that H ∼= u(D, 0, 0,Φc) by Proposition 3.12. 
From Proposition 2.17 we know that every 3-cocycle on a cyclic group or on an abelian group
of the form Zm1 × Zm2 is abelian. So we have the following.
Corollary 4.5. Suppose that H is a radically graded finite-dimensional genuine quasi-Hopf al-
gebra over an abelian group G = Zm⊗Zn such that 2, 3, 5, 7 ∤ dim(H). Then H ∼= u(D, 0, 0,Φc)
for some datum of finite Cartan type D and some c ∈ Γ(D).
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5. Small quasi-quantum groups
In this section, we will introduce small quasi-quantum groups. These algebras can be viewed
as natural generalization of small quantum groups. We will present several examples of small
quasi-quantum groups which are genuine quasi-Hopf algebras. We fix a finite abelian group
G with free generators {gi|1 ≤ i ≤ n}. The notations G and {gi|1 ≤ i ≤ n} are defined in
the the same way as those in Subsection 3.1.
5.1. Small quasi-quantum groups. Suppose that A = (aij)1≤i,j≤n is a finite Cartan ma-
trix and that D(A) is the Cartan matrix
(
A 0
0 A
)
. Let G = Znm = 〈g1〉 × · · · × 〈gn〉.
Definition 5.1. Let D(G, (hi)1≤i≤2n, (χi)1≤i≤2n,D(A)) be a datum of finite Cartan type
such that hi = hn+i ∈ G,χi = χ
−1
i+n, 1 ≤ i ≤ n. Suppose that c ∈ Γ(D) is nonzero. We call
the quasi-Hopf algebra Qu(D, λ,Φc) = u(D, λ, µ,Φc) a quasi-small quantum group if µ = 0
and λi,j 6= 0 if and only if j = i+ n for 1 ≤ i ≤ n.
The quasi-Hopf algebras in Example 3.14 are examples of quasi-small quantum groups. More
examples will be given before we show that small quasi-quantum groups are natural gener-
alization of small quantum groups. For 1 ≤ i ≤ n, define Ei = Xi, Fi = Xi+nh
−1
i and
X ′i = Xi+n. Let V = k{E1, · · · , En}, V
′ = k{X ′1, · · · , X
′
n} and U = k{F1, · · · , Fn}. It is
obvious that V and V ′ are braided vector spaces of Cartan type with the braiding matrices
(qij)1≤i,j≤n and (q
−1
ij )1≤i,j≤n respectively, where qij = χj(hi), 1 ≤ i, j ≤ n. Note that By
definition de braided vector spaces of Cartan type (see Subsection 2.3), the associated Cartan
matrices of V and V ′ are both equal to A. Let q′ij = q
−1
ji , 1 ≤ i, j ≤ n. We define a braiding c
on U as follows:
c(Fi ⊗ Fj) = q
′
ijFj ⊗ Fi, 1 ≤ i, j ≤ n.
For all 1 ≤ i, j ≤ n, we have q′ijq
′
ji = q
−1
ji q
−1
ij = q
−aij
ii = q
′aij
ii . So (U, c) is also a braided vector
space of Cartan type, and the associated Cartan matrix is A as well. So we can define braided
commutators, the braided adjoint action and the root vectors over T (U), see Subsection 2.3
for details. Now let R+ be the positive root system corresponding to the Cartan matrix
A with respect to the simple roots α1, · · · , αn, and Fα, α ∈ R
+ the root vectors such that
Fαi = Fi for 1 ≤ i ≤ n. Let Ω be the set of the connected components of I = {1, · · · , n}, and
R+J be the positive root system corresponding to J ∈ Ω.
Proposition 5.2. Qu(D, λ,Φc) is generated by gi, Ei, Fi, 1 ≤ i ≤ n subject to the relations:
giEjg
−1
i = χj(gi)Ej , giFjg
−1
i = χ
−1
j (gi)Fj , 1 ≤ i, j ≤ n,(5.1)
EiFj − FjEi = δijλi,i+n(h
−1
i − hi), λi,i+n 6= 0, 1 ≤ i, j ≤ n,(5.2)
adc(Ei)
1−aij (Ej) = 0, adc(Fi)
1−aij (Fj) = 0, 1 ≤ i 6= j ≤ n,(5.3)
ENJα = 0, F
NJ
α = 0, α ∈ R
+
J , J ∈ Ω.(5.4)
The comultiplication is determined by
△(Ei) =
∑
f,g∈G
Ψi(f, g)Ei1f ⊗ 1g + hi ⊗ Ei,(5.5)
△(Fi) =
∑
f,g∈G
Ψi+n(f, g)χg(h
−1
i )Fi1f ⊗ 1g + 1⊗ Fi.(5.6)
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The associator is Φc and the antipode (S, α, 1) is given by
α =
∑
g∈GΥ(g)1g,(5.7)
S(Fi) = χ
−1
i (hi)
∑
g∈G χg(hi)Fi+n(g)Fi1g, S(Ei) =
∑
g∈G Fi(g)Ei1g,(5.8)
for 1 ≤ i ≤ n.
Proof. By Theorem 3.4, Qu(D, λ,Φc) is generated by G and Xj , 1 ≤ i ≤ n, 1 ≤ j ≤ 2n subject
to the relations (3.19)-(3.22). Since Fihi = Xi, the algebra Qu(D, λ,Φc) is also generated by
gi, Ei, Fi, 1 ≤ i ≤ n. Now we show that the relations (5.1)-(5.4) are equivalent to the relations
(3.19)-(3.22). It is easy to see that (5.1) equals (3.19). For all 1 ≤ i, j ≤ n, we have:
EiFj − FjEi = XiXj+nh
−1
j −Xj+nh
−1
j Xi
= XiXj+nh
−1
j − χj+n(h
−1
j )XiXj+nh
−1
j
= XiXj+nh
−1
j − χj(hj)XiXj+nh
−1
j
= adc(Xi)(Xj)h
−1
j .
So Relation (5.2) is equivalent to Relation (3.21). For 1 ≤ i 6= j ≤ n, we have
adc(Fi)(Fj) = FiFj − q
′
ijFjFi = FiFj − χ
−1
i (hj)FjFi
= Xi+nh
−1
i Xj+nh
−1
j − χ
−1
i (hj)Xj+nh
−1
j Xi+nh
−1
i
= χ−1j (h
−1
i )Xi+nXj+nh
−1
i h
−1
j − χ
−1
i (hj)χ
−1
i (h
−1
j )Xj+nXi+nh
−1
i h
−1
j
= χj(h
i)[Xi+nXj+n − χ
−1
j (h
i)Xj+nXi+n]h
−1
i h
−1
j
= χj(h
i)[adc(Xi+n)(Xj+n)]h
−1
i h
−1
j .
By induction on l ≥ 1, one can show that
(5.9) (adc(Fi))
l(Fj) = χ
l
j(hi)χ
l(l−1)
2
i (hi)[(adc(Xi+n))
l(Xj+n)]h
−l
i h
−1
j .
Hence, the relation (5.3) is equivalent to the relation (3.20). Similarly, for each α ∈ R+, one
can show that
Fα = λαX
′
αh
−1
α ,
where λα is some nonzero number depend on α, and hα is defined by (2.7). Thus, for each
α ∈ R+J , J ∈ Ω, we have F
NJ
α = 0 if and only if X
′NJ
α = 0. Therefore, the relation (5.4)
equivalent to the relation (3.22) since µ = 0. We have proved that Qu(D, λ,Φc) is generated
by gi, Ei, Fi, 1 ≤ i ≤ n subject to the relations (5.1)-(5.4).
Next we compute the comultiplication and the antipode of Qu(D, λ,Φc) for the generators.
Formula (5.5) follows from the fact hi =
∑
f∈GΘi(f)1f for hi ∈ G. Formula (5.6) holds
because of the following equations:
△(Fi) = △(Xi+nh
−1
i )
= (
∑
f,g∈G
Ψi+n(f, g)Xi+n1f ⊗ 1g +
∑
f∈G
Θi+n(f)1f ⊗Xi+n)(h
−1
i ⊗ h
−1
i )
=
∑
f,g∈G
Ψi+n(f, g)χg(h
−1
i )Fi1f ⊗ 1g +
∑
f∈G
Θi+n(f)χf (h
−1
i )1f ⊗ Fi
=
∑
f,g∈G
Ψi+n(f, g)χg(h
−1
i )Fi1f ⊗ 1g + 1⊗ Fi.
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Formula (5.7) is obvious. Formula (5.8) follows from
S(Fi) = S(h
−1
i )S(Xi+n) = hi
∑
g∈G
Fi+n(g)Xi+n1g
= χi+n(hi)
∑
g∈G
χg(h
2
i )Fi+n(g)Fi1g,
where χg, g ∈ G, is defined by (3.1). 
Now let D(G, (hi)1≤i≤2n, (χi)1≤i≤2n,D(A)) be a datum of finite Cartan type such that hi =
hn+i ∈ G,χi = χ
−1
i+n, 1 ≤ i ≤ n. Note that Γ(D) is not empty since 0 ∈ Γ(D).
Take an element c ∈ Γ(D). We define an algebra Hc generated by G and Ei, Fi, 1 ≤ i ≤ n
subject to the Relations (5.1)-(5.4). Define an algebra morphism △ : Hc → Hc⊗Hc by (5.5)-
(5.6), and an algebra antimorphism S : Hc → Hc by (5.8). Let α be an element of Hc defined
by (5.7). Define an algebra morphism ε : Hc → k such that ε(g) = 1, ε(Ei) = ε(Fi) = 0 for
g ∈ G, 1 ≤ i ≤ n. We have the following identification of the algebra Hc.
Proposition 5.3. (1) If c = 0, then (Hc,△, ε, S) is isomorphic to the AS-Hopf algebra
u(D′, λ, 0), where D′ = D(G, (hi)1≤i≤2n, (χ
′
i)1≤i≤2n,D(A)), and χ
′
i = χi|G, 1 ≤ i ≤ n.
Each small quantum group is isomorphic to a H0 as Hopf algebras.
(2) If c 6= 0, then (Hc,△, ε,Φc, S, α, 1) is isomorphic to the small quasi-quantum group
Qu(D, λ,Φc).
Proof. Observe that the functions defined by (3.13)-(3.15) are equivalent to the constant
function 1 if c = 0. Hence, the algebra morphism Υ : Hc → u(D
′, λ, 0) given by
Υ(g) = g,Υ(Ei) = Xi,Υ(Fi) = Xi+nhi,
for all g ∈ G, 1 ≤ i ≤ n, is a Hopf algebra isomorphism. The second part of the proposition
follows from Proposition 5.2. 
From this proposition, we can see that small quasi-quantum groups are natural generalizations
of small quantum groups.
5.2. Triangular decomposition and half small quasi-quantum groups. In this subsec-
tion, we study the triangular decomposition of small quasi-quantum groups. Fix an abelian
group G = Znm = 〈g1〉 × · · · × 〈gn〉 and a finite Cartan matrix A = (aij)1≤i,j≤n. Assume that
D = D(G, (hi)1≤i≤2n, (χi)1≤i≤2n,D(A)) is a datum of finite Cartan type and Qu(D, λ,Φc)
is a small quantum group. Denote by Qu+(D,Φc) (resp. Qu
−(D,Φc)) the subalgebra gen-
erated by Ei, 1 ≤ i ≤ n (resp. Fi, 1 ≤ i ≤ n), and Qu
0 = kG. So we have a natural linear
isomorphism
ϕ : Qu+(D,Φc)⊗Qu
0 ⊗Qu−(D,Φc) −→ Qu(D, λ,Φc)
x⊗ y ⊗ z → xyz,
for all x ∈ Qu+(D,Φc), y ∈ Qu
0, z ∈ Qu−(D,Φc). This decomposition Qu(D, λ,Φc) =
Qu+(D,Φc)⊗Qu
0⊗Qu−(D,Φc) is called the triangular decomposition of Qu(D, λ,Φc).
Denote by Qu≥0(D,Φc) (resp. Qu
≤0(D,Φc)) the subalgebra of Qu(D, λ,Φc) generated by G
and Ei, 1 ≤ i ≤ n (resp. G and Ei, 1 ≤ i ≤ n). The following isomorphisms are obvious.
Qu≥0(D,Φc) ∼= u(D
′, 0, 0,Φc),(5.10)
Qu≤0(D,Φc) ∼= u(D
′′, 0, 0,Φc),(5.11)
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where D′ = D(G, (hi)1≤i≤n, (χi)1≤i≤n, A), D
′′ = D(G, (hi)n+1≤i≤2n, (χi)n+1≤i≤n, A). The
two radically graded quasi-Hopf algebras are called the half small quasi-quantum groups.
Keep the assumption of G and A as above, we have the following.
Proposition 5.4. Let D = D(G, (hi)1≤i≤n, (χi)1≤i≤n, A) be a datum of finite Cartan type
such that hi ∈ G, 1 ≤ i ≤ n, and χi(hj) = χj(hi), 1 ≤ i, j ≤ n. Then for any nonzero
c ∈ Γ(D), u(D, 0, 0,Φc) is a half small quasi-quantum group.
Proof. We need to show that there exists a small quasi-quantum group Qu(D′, λ,Φc) such
that u(D, 0, 0,Φc) ∼= Qu
≥0(D′,Φc). Define hi+n = hi and χi+n = χ
−1
i for 1 ≤ i ≤ n. For
1 ≤ i, j ≤ n, we have the following:
χi(hj+n)χj+n(hi) = χi(hj)χ
−1
j (hi) = 1.
It is clear that D′ = D(G, (hi)1≤i≤2n, (χi)1≤i≤2n, D(A)) is a datum of finite Cartan type. For
each 1 ≤ i ≤ n, let hi =
∏n
j=1 g
sij . Since hi ∈ G, we have sij ≡ 0modm. It follows that
Γ(D) = Γ(D′).Moreover, hihi+j = h
2
i ∈ G and χiχi+n = χiχ
−1
i = ε. Thus, we obtain a family
of linking parameters λ = (λij)1≤i<j≤2n,i≁j for D
′ such that λi,j 6= 0 if and only if j = i+ n.
Since each connected component of I = {1, · · · , n} satisfies (2.14), we have hihi+n = h
2
i 6= 1.
This implies that λ is a family of modified linking parameters. Therefore, we obtain a small
quasi-quantum group Qu(D′, λ,Φc) such that u(D, 0, 0,Φc) ∼= Qu
≥0(D′,Φc). 
5.3. Examples of genuine small quasi-quantum groups. Let A = (aij)1≤i,j≤n be a
finite Cartan matrix, (d1, · · · , dn) a vector with elements in {1, 2, 3} such that (diaij)1≤i,j≤n
is symmetric. Let q be an N -th primitive root of unity, where N is an odd positive integer.
Moreover, in case A has a connected component of type G2, we will add one more assumption
that N is prime to 3. Let p be a positive odd integer and m = pN. Choose ζm2 and ζm such
that ζmm2 = ζm, ζ
p
m = q. Let G = Z
n
m = 〈g1〉 × · · · × 〈gn〉, and l, 1 ≤ l < m, be an integer such
that lp 6= 0modm. Define characters {χi|1 ≤ i ≤ n} on G as follows:
(5.12) χi(gj) =


ζ2pdi
m2
, if i = j;
ζ
pdiaij
m2
, if i 6= j and aij 6= 0;
1, if aij = 0.
With the above notations, it is easy to verify that D = D(G, (hi)1≤i≤2n, (χi)1≤i≤2n,D(A)) is
a datum of finite Cartan type, where hi = hi+n = g
ml
i and χi+n = χ
−1
i for 1 ≤ i ≤ n.
Lemma 5.5. There are nonzero elements c = (ci, cjk)1≤i≤n,1≤j<k≤n in Γ(D) such that ci =
kiN for some 1 ≤ ki < p, 1 ≤ i ≤ n.
Proof. It is obvious that (3.10)-(3.11) are solvable for (cjk)1≤j<k≤n. Thus, it suffuces to prove
that Equation (3.9) has solutions ci = kiN for some 1 ≤ ki < p, 1 ≤ i ≤ n. Now the equations
in variable ci are
ml ≡ 2cipdimodm,(5.13)
ml ≡ −2cipdimodm,(5.14)
0 ≡ cipdiaij modm, i 6= j, aij 6= 0,(5.15)
0 ≡ −cipdiaij modm, i 6= j, aij 6= 0.(5.16)
It is not difficult to see that Equations (5.13)-(5.16) have a set of solutions
(5.17) {ci = kN |0 ≤ k < p}.
We have thus proved the lemma. 
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We need the following lemma.
Lemma 5.6. There exists a family of modified linking parameters λ for D satisfying condition:
λij 6= 0 if and only if i+ n = j.
Proof. Note that for each 1 ≤ i ≤ n, we have χiχi+n = ε because χi+n = χ
−1
i . The fact that
lp 6= 0modm, implies that l 6= 0modN . Hence 2l 6= 0modN because N is odd. It follows
that hihi+n = g
2ml
i = g
2l
i ∈ G and hihi+n 6= 1. By definition, there exists a family of modified
linking parameters λ for D such that λij 6= 0 if and only if i+ n = j. 
From Lemmas 5.5-5.6 and the definition of small quasi-quantum groups, we obtain the fol-
lowing.
Proposition 5.7. Let c be a nonzero parameter in Γ(D), and λ a a family of modified linking
parameters such that λij 6= 0 if and only if i + n = j. Then u(D, λ, 0,Φc) is a small quasi-
quantum group.
In what follows, we let Qu(D, λ,Φc) = u(D, λ, 0,Φc), c 6= 0, be a small quasi-quantum group
given in Proposition 5.7. We conjecture that Qu(D, λ,Φc) is genuine. At this moment, we
are not able to prove it in general. But we have the following partial result.
Proposition 5.8. Suppose l > 1, l|m and l ∤ ci for 1 ≤ i ≤ n. Then Qu(D, λ,Φc) is genuine.
Proof. Let I be the quasi-Hopf ideal of Qu(D, λ,Φc) generated by {Xi|1 ≤ i ≤ n}. Set
u˜ = Qu(D, λ,Φc)/I. It is evident that u˜ ∼= kG
′, where G′ = G/〈g2li − 1|1 ≤ i ≤ n〉. Since
gcd(2l,m) = l, we have G′ = G/〈gli − 1|1 ≤ i ≤ n〉. For an element g ∈ G, we denote by g the
corresponding element in the quotient group G′. Let G◦ be the subgroup of G generated by
{g
m
l
i |1 ≤ i ≤ n}. Define a group isomorphism ϕ : G
◦ → G′ by ϕ(g
m
l
i ) = gi, 1 ≤ i ≤ n.
Let f =
∏n
1 g
ni
i . We have the following expression of the element 1f in kG:
1f =
1
|G|
∑
g∈G
χf (g)g
=
1
|G|
∑
0≤ij<l,0≤kj<
m
l
,1≤j≤n
[
n∏
j
ζnj(ij+kj l)m (
n∏
j
gj
ij )]
=
1
|G|
n∏
j
[
∑
0≤ij<l,0≤kj<
m
l
ζnj(ij+kj l)m (gj
ij )]
It follows that 1f 6= 0 if and only if f ∈ G
◦. Now we assume that f =
∏
j g
aj
m
l
j ∈ G
◦. Then
we have:
1f =
1
|G|
n∏
j
[
∑
0≤ij<l,0≤kj<
m
l
ζ
aj
m
l
(ij+kj l)
m (gj
ij )](5.18)
=
m
l|G|
n∏
j
[
∑
0≤ij<l
ζ
aj
m
l
(ij)
m (gj
ij )]
=
1
|G′|
[
∑
0≤ij<l,1≤j≤n
[
n∏
j
ζ
aj(ij)
l
n∏
j
(gj
ij )]
= 1ϕ(f).
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Define a 3-cocycle φ′c on G
′ as follows:
(5.19) φ′c(e, f, g) =
∏
1≤i≤n
ζ
citi[
ri+si
l
]
l
∏
1≤j<k≤n
ζ
cjktk[
rj+sj
l
]
l
for e =
∏n
i=1 gi
ri , f =
∏n
i=1 gi
si , g =
∏n
i=1 gi
ti .
Now we compute the associator Φc of kG
′:
Φc =
∑
e,f,g∈G
φc(e, f, g)1e ⊗ 1f ⊗ 1g
=
∑
e,f,g∈G◦
φc(e, f, g)1ϕ(e) ⊗ 1ϕ(f) ⊗ 1ϕ(g)
=
∑
e,f,g∈G′
φ′c(e, f, g)1e ⊗ 1f ⊗ 1g.
The second identity follows from (5.18), and 1f = 0 if f /∈ G
◦. The third identity follows from
the definition of ϕ. Since l ∤ ci for 1 ≤ i ≤ θ, we know that φ
′
c is a 3-cocycle on G
′ according
to Proposition 2.17. Moreover, φ′c is not a 3-coboundary. Hence, u˜
∼= (kG′,Φc) is a genuine
quasi-Hopf algebra.
Suppose that Qu(D, λ,Φc) is not genuine. Then Qu(D, λ,Φc) is twist equivalent to a Hopf
algebra, or equivalently the tensor categoryM of representations of Qu(D, λ,Φc) has a fiber
functor. Let RepΦ′c(kG
′) be the representation category of the quasi-Hopf algebra u˜ ∼= kG′.
It is obvious that RepΦ′
c
(kG′) is a full tensor subcategory of M. Hence Repφ′
c
(kG′) has a
fiber functor as well. Thus u˜ is twist equivalent to a Hopf algebra, a contradiction since u˜ is
genuine. 
It is easy to see that there are (infinitely) many numbers l, p,N to choose such that l,m, ci, 1 ≤
i ≤ n satisfy the conditions in Proposition 5.8. Therefore, we obtain many examples of genuine
small quasi-quantum groups associated to each finite Cartan matrix.
6. Nonradically graded genuine Quasi-Hopf algebras associated to
connected Cartan matrices
In this section, we construct many new examples of nonradically graded genuine quasi-Hopf
algebras associated to each finite connected Cartan matrix. Explicitly, for each finite con-
nected Cartan matrix A, we will show that there exists a Cartan datum D associated to
A, nontrivial modified root vector parameters µ for D and a nonzero c ∈ Γ(D) such that
u(D, 0, µ,Φc) is a finite-dimensional genuine quasi-Hopf algebras. All these quasi-Hopf alge-
bras have only trivial linking relations since the Cartan matrices are assumed to be connected.
In the following, the groups G = 〈g1〉 × · · · × 〈gn〉 and G = 〈g1〉 × · · · × 〈gn〉 are defines the
same as those in Subsection 3.1. For each fixed Cartan matrix A, the corresponding root
system R, positive root system R+ with simple roots {αi|1 ≤ i ≤ n} are defined to be the
same as those in Subsection 2.2. Throughout this section, p, q, d are positive odd numbers
satisfying (p, q) = (p, d) = (q, d) = 1.
6.1. Quasi-Hopf algebras of Cartan type An, Bn and Cn. Notice that examples of
non-radically graded quasi-Hopf algebras associated to A2, B2(= C2), G2 have been given in
Subsection 3.5, so in this subsection we always assume n ≥ 3. Let A = (aij)1≤i,j≤n be the
FINITE-DIMENSIONAL QUASI-HOPF ALGEBRAS OF CARTAN TYPE 31
Cartan matrix of type An, Bn or Cn. Let G = 〈g1〉 × 〈g2〉 × · · · × 〈g2n〉 be the abelian group
determined by
(6.1) |gi| =


pd, if i = 4k + 1 for some k;
qd, if i = 4k + 2 for some k;
pd2, if i = 4k + 3 for some k;
qd2, if i = 4k for some k.
For each 1 ≤ i ≤ n, define an element in G as follows:
(6.2) hi =


(g2i−1g2i)
pq, if i is odd ;
(g2i−3g2i−2g2i−1g2ig2i+1g2i+2)
pq, if i is even and i 6= n;
(g2i−3g2i−2g2i−1g2i)
pq , if i is even and i = n.
In order to give a datum of Cartan type associated to Cartan matrix A, we need to introduce
some characters on G. Let a, b, r be the numbers given in Table 2. Define
(6.3) χ1(gj) =


ζad2 , j = 1, 2,
ζrd2 , j = 3, 4,
1, j ≥ 5;
(6.4) χ2(gj) =


ζad2 , j = 1, 2,
ζd4 , j = 3,
ζ−2ad
2−1
d4
, j = 4,
ζbd2 , j = 5, 6,
1, j ≥ 7.
For 3 ≤ i < n, define
(6.5) χi(gj) =


ζ−3b
d2
, if i is odd and j = 2i− 3, 2i− 2, 2i+ 1, 2i+ 2,
ζbd2 , if i is odd and j = 2i− 1, 2i,
ζbd2 , if i is even and j = 2i− 3, 2i− 2, 2i+ 1, 2i+ 2,
ζd4 , if i is even and j = 2i− 1,
ζ−2bd
2−1
d4
, if i is even and j = 2i,
1, otherwise.
When n is odd, define
(6.6) χn(gj) =


ζ−3b
d2
, j = 2n− 3, 2n− 2,
ζbd2 , j = 2n− 1, 2n,
1, otherwise.
When n is even, define
(6.7) χn(gj) =


ζbd2 , j = 2n− 3, 2n− 2,
ζd4 , j = 2n− 1,
ζ−1
d4
, j = 2n,
1, otherwise.
With these notations, we can give the following lemma.
Lemma 6.1. D = D(G, (hi)1≤i≤n, (χi)1≤i≤n, A) is a datum of Cartan type.
Proof. Let qij = χj(hi) for all 1 ≤ i 6= j ≤ n. By definition of datum of Cartan type, we only
need to show
(6.8) qijqji = q
aij
ii = q
aji
jj , 1 ≤ i 6= j ≤ n,
and it follows a direct verification. 
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Table 2. a, b, r associated to An, Bn, Cn..
a, b, r associated to A Cartan matrix A
1. a = 1, b = 1, r = −3 An
2. a = 2, b = 1, r = −6 Bn
3. a = 1, b = 2, r = −4 Cn
Lemma 6.2. Γ(D) is not empty. For each family c = (ci, cjk)1≤i≤2n,1≤j<k≤2n in Γ(D), we
have ci 6= 0 for 1 ≤ i ≤ 2n.
Proof. Notice that Equations (3.10)-(3.11) always have solutions, for examples cij = 0 for all
1 ≤ i < j ≤ 2n. So we only need to prove that Equations (3.9) have solutions and ci 6= 0 for
1 ≤ i ≤ 2n. Let mi = |gi| for each 1 ≤ i ≤ 2n. It is clear that Equations (3.9) on variables
c1, c2, c3, c4 are given by
c1ap
2 ≡ pq mod pd,(6.9)
c2aq
2 ≡ pq mod qd,(6.10)
c3p
2 ≡ pq mod pd2,(6.11)
c3rp
2d2 ≡ 0 mod pd2,(6.12)
c4(−2ad
2 − 1)q2 ≡ pqmod qd2,(6.13)
c4rq
2d2 ≡ 0mod qd2.(6.14)
When 3 ≤ i ≤ n and i is odd, Equations (3.9) are
c2i−1bp
2 ≡ pq mod pd,(6.15)
c2ibq
2 ≡ pq mod qd.(6.16)
When 3 < i < n and i is even, Equations (3.9) become
c2i−1p
2 ≡ pq mod pd2,(6.17)
c2i−1(−3b)p
2d2 ≡ 0 mod pd2(6.18)
c2i(−2bd
2 − 1)q2 ≡ pq mod qd2,(6.19)
c2i(−3b)q
2d2 ≡ 0 mod qd2.(6.20)
When i = n is even, the equations (3.9) are given by
c2n−1p
2 ≡ pq mod pd2,(6.21)
c2n−1(−3b)p
2d2 ≡ 0 mod pd2(6.22)
c2n(−1)q
2 ≡ pq mod qd2,(6.23)
c2n(−3b)q
2d2 ≡ 0 mod qd2.(6.24)
It is obvious that any integers c2i−1, c2i are solution of (6.12), (6.14), (6.18),(6.20), (6.22) and
(6.24). Since (ap2, pd) = p, (aq2, qd) = q, (p2, pd2) = p, ((−2ad2 − 1)q2, qd2) = q, so (6.9)-
(6.14) have solutions by Proposition (3.15). Any solution c1, c2, c3 or c4 of (6.9)-(6.14) should
not be zero since (p, d) = (q, d) = 1. Similarly, one can show that (6.15)-(6.17), (6.19),(6.21)
and (6.23) have nonzero solutions. 
Lemma 6.3. There exists modified root vector parameters µ for D satisfying the condition:
(6.25) µα is a nonzero parameter if and only if α = αi for some odd number 1 ≤ i ≤ n.
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Proof. Firstly, one can verify that |χi(hi)| = d
2 for 1 ≤ i ≤ n. So for all 1 ≤ i ≤ n and i is
odd, we have hd
2
i = (g2i−1g2i)
pqd2 = gqd2i−1g
pd
2i ∈ G, h
d2
i 6= 1 and χ
d2
i = ε, hence µαi 6= 0.
We proved the lemma. 
Proposition 6.4. Let c ∈ Γ(D) and µ a family of modified root vector parameters for D
satisfying condition (6.25). Then u(D, 0, µ,Φc) is a finite-dimensional nonradically graded
genuine quasi-Hopf algebra associated to A.
Proof. By Lemma 6.2-6.3 and Theorem 3.4, u(D, 0, µ,Φc) is a finite-dimensional nonradically
graded quasi-Hopf algebra. So we only need to prove that u(D, 0, µ,Φc) is a genuine quasi-
Hopf algebra.
Let α be a positive root in R+, then we have µα = 0 if α 6= αi some odd number 1 ≤ i ≤ n.
Let I be the ideal of u(D, 0, µ,Φc) generated by
{Xi, 1− gj|1 ≤ i ≤ n, j = 1 or 2 mod 4}.
It is obvious that I is a quasi-Hopf ideal of u(D, 0, µ,Φc). Denote by
G′ = 〈gi|i = 0 or 3 mod 4〉.
Then it is obvious that
(6.26) kG′ = u(D, 0, µ,Φc)/I.
Similar to the proof of Proposition 5.8, one can show that the associator of the kG′ is
Φc =
∑
e,f,g∈G′ φc|G′(e, f, g)1e ⊗ 1f ⊗ 1g. By lemma 6.2, φc|G′ is a not 3-coboundary on
G′. Hence (kG′,Φc) is a genuine quasi-Hopf algebra. This implies u(D, 0, µ,Φc) is genuine,
since otherwise (kG′,Φc) = u(D, 0, µ,Φc)/I should not be genuine, which is a contradiction.

6.2. Quasi-Hopf algebras of Cartan type Dn. In this subsection, we always assume that
n ≥ 4. Let G = 〈g1〉 × · · · × 〈g2n〉 such that
(6.27) |gi| =


pd, i = 1 or 4k − 1 for k ≥ 1;
qd, i = 2 or 4k for k ≥ 1;
pd2, i = 4k + 1 for k ≥ 1;
qd2, i = 4k + 2 for k ≥ 1.
Let (hi)1≤i≤n be a family of elements in G given by
(6.28) hi =


(g2i−1g2i)
pq, if i = 1 or 2k for k ≥ 1;
(
∏8
j=1 gj)
pq, if i = 3;
(g2i−3g2i−2g2i−1g2ig2i+1g2i+2)
pq, if i = 2k + 1 6= n for k ≥ 2;
(g2n−3g2n−2g2n−1g2n)
pq, if i = n is odd.
Now define a family (χi)1≤i≤n of characters on G as following.
When i = 1, 2,
(6.29) χi(gj) =


ζd2 , j = 2i− 1, 2i;
ζ−3
d2
, j = 5, 6;
1, otherwise.
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(6.30) χ3(gj) =


ζd2 , j = 1, 2, 3, 4, 7, 8;
ζd4 , j = 5;
ζ−4d
2−1
d4
, j = 6;
1, otherwise.
When 3 < i < n,
(6.31) χi(gj) =


ζ−3
d2
, if i is even and j = 2i− 3, 2i− 2, 2i+ 1, 2i+ 2 ;
ζd2 , if i is even and j = 2i− 1, 2i ;
ζd4 , if i is odd and j = 2i− 1;
ζ−2d
2−1
d4
, if i is odd and j = 2i;
ζd2 , if i is odd and j = 2i− 3, 2i− 2, 2i+ 1, 2i+ 2;
1, otherwise.
If n is even,
(6.32) χn(gj) =


ζd2 , if j = 2n− 1, 2n ;
ζ−3
d2
, if j = 2n− 3, 2n− 2 ;
1, otherwise.
If n is odd,
(6.33) χn(gj) =


ζd2 , if j = 2n− 3, 2n− 2 ;
ζd4 , if j = 2n− 1 ;
ζ−1
d4
, if j = 2n ;
1, otherwise;
With these definitions, one can verify that D = D(G, (hi)1≤i≤n, (χi)1≤i≤n, Dn) is a datum
of Cartan type. Moreover, we have the following two lemmas, and the proofs, omitted, are
similar as the proofs of Lemma 6.2 and 6.3.
Lemma 6.5. Γ(D) is a nonempty set, and for each family c = (ci, cjk)1≤i≤2n,1≤j<k≤2n in
Γ(D), we have ci 6= 0 for 1 ≤ i ≤ 2n.
Lemma 6.6. There exists a family of modified root vector parameters µ for D satisfying the
condition:
(6.34) µα is a nonzero if and only if α = α1 or αi for some even number 1 ≤ i ≤ n.
Proposition 6.7. Let c ∈ Γ(D), and µ a family of modified root vector parameters for D
satisfying the condition (6.34). Then u(D, 0, µ,Φc) is a genuine quasi-Hopf algebra.
Proof. Similar to the proof of Proposition 6.4. 
6.3. Quasi-Hopf algebras of Cartan type E6, E7 and E8. In this subsection, we always
assume n = 6, 7 or 8. Define an abelian group G8 = 〈g1〉 × 〈g2〉 × · · · × 〈g16〉 such that
|g2i−1| = pd
2, |g2i| = qd
2 for i = 1, 3, 6, 8(6.35)
|g2i−1| = pd, |g2i| = qd for i = 2, 4, 5, 7.(6.36)
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Table 3. Characters of G8 = 〈g1〉 × · · · × 〈g16〉
χ1 χ2 χ3 χ4 χ5 χ6 χ
′
6 χ7 χ8
g1 ζd4 ζ
−3
d2
1 1 1 1 1 1 1
g2 ζ
−1
d4
ζ−3
d2
1 1 1 1 1 1 1
g3 ζd2 ζd2 ζd2 1 1 1 1 1 1
g4 ζd2 ζd2 ζd2 1 1 1 1 1 1
g5 1 ζ
−3
d2
ζd4 ζ
−3
d2
ζ−3
d2
1 1 1 1
g6 1 ζ
−3
d2
ζ−4d
2−1
d4
ζ−3
d2
ζ−3
d2
1 1 1 1
g7 1 1 ζd2 ζd2 1 1 1 1 1
g8 1 1 ζd2 ζd2 1 1 1 1 1
g9 1 1 ζd2 1 ζd2 ζd2 ζd2 1 1
g10 1 1 ζd2 1 ζd2 ζd2 ζd2 1 1
g11 1 1 1 1 ζ
−3
d2
ζd4 ζd4 ζ
−3
d2
1
g12 1 1 1 1 ζ
−3
d2
ζ−1
d4
ζ−2d
2−1
d4
ζ−3
d2
1
g13 1 1 1 1 1 1 ζd2 ζd2 ζd2
g14 1 1 1 1 1 1 ζd2 ζd2 ζd2
g15 1 1 1 1 1 1 1 ζ
−3
d2
ζd4
g16 1 1 1 1 1 1 1 ζ
−3
d2
ζ−1
d4
Let G6 = 〈g1〉 × 〈g2〉 × · · · × 〈g12〉 and G7 = 〈g1〉 × 〈g2〉 × · · · × 〈g14〉. Define
hi = (g2i−1g2i)
pq for i = 2, 4, 5, 7,(6.37)
h1 = (g1g2g3g4)
pq,(6.38)
h3 = (
10∏
i=3
gi)
pq,(6.39)
h6 = (g9g10g11g12)
pq,(6.40)
h′6 = (g9g10g11g12g13g14)
pq,(6.41)
h8 = (g13g14g15g16)
pq.(6.42)
Let χi, 1 ≤ i ≤ 8 and χ
′
6 be the characters of G given in Table 3, then one can verify that
D6 = D(G6, (h1, · · · , h6), (χ1, · · · , χ6), E6),
D7 = D(G7, (h1, · · · , h5, h
′
6, h7), (χ1, · · · , χ5, χ
′
6, χ7), E7),
D8 = D(G8, (h1, · · · , h5, h
′
6, h7, h8), (χ1, · · · , χ5, χ
′
6, χ7, χ8), E8).
are datums of Cartan type. And similar as Lemma 6.2 and 6.3 we have the following:
Lemma 6.8. Γ(Dn) is a nonempty set. For any c = (ci, cjk)1≤i≤n,1≤j<k≤n in Γ(Dn), we
have ci 6= 0 for each 1 ≤ i ≤ 2n.
Lemma 6.9. There exists nonzero modified root vector parameters µ for Dn satisfying the
conditions: if n = 6, µα 6= 0 if and only if α = αi for i = 2, 4 or 5; if n = 7 or 8, µα 6= 0 if
and only if α = αi for i = 2, 4, 5 or 7.
Proposition 6.10. Let c ∈ Γ(Dn), and µ a family of modified root vector parameters for
Γ(Dn) satisfying the conditions of Lemma 6.9. Then u(Dn, 0, µ,Φc) is a nonradically graded
genuine quasi-Hopf algebra.
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Table 4. Characters of G = 〈g1〉 × · · · × 〈g8〉
g1 g2 g3 g4 g5 g6 g7 g8
χ1 ζd2 ζd2 ζ
−3
d2
ζ−3
d2
1 1 1 1
χ2 ζd2 ζd2 ζd4 ζ
−4d2−1
d4
ζd2 ζd2 1 1
χ3 1 1 ζ
−6
d2
ζ−6
d2
ζ2d2 ζ
2
d2 ζ
−6
d2
ζ−6
d2
χ4 1 1 1 1 ζ
2
d2 ζ
2
d2 ζd4 ζ
−1
d4
Proof. Similar to the proof of Proposition 6.4. 
6.4. Quasi-Hopf algebras of Cartan type F4. Let G = 〈g1〉 × · · · × 〈g8〉 such that
(6.43) |gi| =


pd, i = 1, 5;
qd, i = 2, 6;
pd2, i = 3, 7;
qd2, i = 4, 8.
Denote by (hi)1≤i≤4 a family of elements in G through
h1 = (g1g2)
pq, h2 = (g1g2g3g4g5g6)
pq,(6.44)
h3 = (g5g6)
pq, h4 = (g5g6g7g8)
pq.
Let (χi)1≤i≤4 be the characters of G given in Table 4, then one can easily verify that
D = D(G, (hi)1≤i≤4, (χi)1≤i≤4, F4)
is a datum of Cartan type. Similar to Lemma 6.2-6.3, we have the following two lemmas.
Lemma 6.11. Γ(D) is a nonempty set. Let c = (ci, cjk)1≤i≤8,1≤j<k≤8 be an element in
Γ(D). Then we have ci 6= 0 for 1 ≤ i ≤ 8.
Lemma 6.12. There exists a family of modified root vector parameter µ for Γ(D) satisfying
the condition: µα is nonzero if and only if α = α1 or α3.
Proposition 6.13. Let c ∈ Γ(D), and µ a family of modified root vector parameters satisfying
the condition of Lemma 6.12. Then u(D, 0, µ,Φc) is a nonradically graded genuine quasi-Hopf
algebra.
Proof. Similar to the proof of Proposition 6.4. 
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